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Lines
Slope of line through (x1, y1) and (x2, y2):

m =
y2 − y1

x2 − x1

Point-slope equation of line through (x1, y1)

with slope m:

y − y1 = m(x − x1)

Slope-intercept equation of line with slope m

and y-intercept b:

y = b + mx

Rules of Exponents

axat = ax+t

ax

at
= ax−t

(ax)t = axt

Definition of Natural Log

y = lnx means ey = x

ex: ln 1 = 0 since e0 = 1

1

1

x
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y = ln x

y = ex

Identities

ln ex = x

eln x = x

Rules of Natural Logarithms

ln(AB) = lnA + lnB

ln
(

A

B

)

= lnA − lnB

lnAp = p lnA

Distance and Midpoint Formulas
Distance D between (x1, y1) and (x2, y2):

D =

√

(x2 − x1)
2 + (y2 − y1)

2

Midpoint of (x1, y1) and (x2, y2):

(

x1 + x2

2
,
y1 + y2

2

)

Quadratic Formula
If ax2 + bx + c = 0, then

x =
−b ±

√

b2 − 4ac

2a

Factoring Special Polynomials

x2 − y2 = (x + y)(x − y)

x3 + y3 = (x + y)(x2 − xy + y2)

x3 − y3 = (x − y)(x2 + xy + y2)

Circles

Center (ℎ, k) and radius r:

(x − ℎ)2 + (y − k)2 = r2
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Geometric Formulas
Conversion Between Radians and Degrees: � radians = 180◦

Triangle
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Circle
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Sector of Circle
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Sphere

V =
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Trigonometric Functions

sin � =
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sin(A±B) = sinA cosB±cosA sinB

cos(A±B) = cosA cosB∓sinA sinB

sin(2A) = 2 sinA cosA

cos(2A) = 2 cos2 A−1 = 1−2 sin2 A
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The Binomial Theorem

(x + y)n = xn + nxn−1y +
n(n − 1)

1 ⋅ 2
xn−2y2 +

n(n − 1)(n − 2)

1 ⋅ 2 ⋅ 3
xn−3y3 +⋯ + nxyn−1 + yn

(x − y)n = xn − nxn−1y +
n(n − 1)

1 ⋅ 2
xn−2y2 −

n(n − 1)(n − 2)

1 ⋅ 2 ⋅ 3
xn−3y3 +⋯ ± nxyn−1 ∓ yn
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PREFACE

Calculus is one of the greatest achievements of the human intellect. Inspired by problems in astronomy, Newton and Leibniz

developed the ideas of calculus 300 years ago. Since then, each century has demonstrated the power of calculus to illuminate questions

in mathematics, the physical sciences, engineering, and the social and biological sciences.

Calculus has been so successful both because its central theme—change—is pivotal to an analysis of the natural world and because

of its extraordinary power to reduce complicated problems to simple procedures. Therein lies the danger in teaching calculus: it is possible

to teach the subject as nothing but procedures—thereby losing sight of both the mathematics and of its practical value. This edition of

Calculus continues our effort to promote courses in which understanding and computation reinforce each other. It reflects the input

of users at research universities, four-year colleges, community colleges, and secondary schools, as well as of professionals in partner

disciplines such as engineering and the natural and social sciences.

Flexibility in a New Era of Teaching and Learning
The world has changed and the education system has changed with it. With little or no training, instructors and students have adjusted

to distance learning. As instructors ourselves, we saw how challenging this adjustment has been, especially for our students. These

experiences taught us first-hand the importance of being able to adapt our classes to a variety of formats, from regular in-person classes,

to online courses or some hybrid version in-between. The basis of the Eighth Edition is to provide a text and companion resources that

are flexible enough to support an active and engaging experience in each of these formats.

Active Learning: Good Problems in Different Formats
Active participation in solving well-crafted problems promotes student learning. Since its inception, the hallmark of our text has been

its innovative and engaging problems. These problems probe student understanding in ways often taken for granted. Praised for their

creativity and variety, these problems have had influence far beyond the users of our textbook.

The Eighth Edition continues this tradition by providing an array of new problems, with many drawing on data from timely real-

world applications. The Eighth Edition also expands on this tradition by adapting existing and new problems into an online format

that retains the original pedagogical goals of the problem. Under our approach, which we call the “Rule of Four,” ideas are presented

graphically, numerically, symbolically, and verbally, thereby encouraging students to deepen their understanding.

Problems types in this text include:

• Strengthen Your Understanding problems at the end of every section. These problems ask students to reflect on what they have

learned by deciding “What is wrong?” with a statement and to “Give an example” of an idea. Many of these problems have been

adapted into WileyPLUS.

• ConcepTests promote active learning in the classroom. These can be used with polling software, and have been shown to dramati-

cally improve student learning. Available at www.WileyPLUS.com. All ConcepTests have been adapted into WileyPLUS problems

so can serve as a tool to measure student understanding in a virtual classroom.

• Class Worksheets allow instructors to engage students in individual or group class-work. Samples are available in the Instructor’s

Manual, and at www.WileyPLUS.com.

• Data and Models Many examples and problems throughout the text involve data-driven models. For example, Section 8.6 begins

with applications of present and future value to new studies on the costs of climate change.

• Drill Exercises in the text, with most adapted into WileyPLUS, can be used to build student skill and confidence both in the

classroom and virtually.

Mathematical Thinking Supported by Theory and Modeling
The first stage in the development of mathematical thinking is the acquisition of a clear intuitive picture of the central ideas. In the next

stage, the student learns to reason with the intuitive ideas in plain English. After this foundation has been laid, there is a choice of direction.

All students benefit from both theory and modeling, but the balance may differ for different groups. Some students, such as mathematics

majors, may prefer more theory, while others may prefer more modeling. For instructors wishing to emphasize the connection between

calculus and other fields, the text includes:

• A variety of problems from the physical sciences and engineering.

• Examples from the biological sciences and economics.

• Models from the health sciences and of population growth.

• Problems on sustainability and climate change.

• Case studies on medicine by David E. Sloane, MD.

v



vi Preface

Enhanced Online Content
This Eigth Edition provides opportunities for students to experience the concepts of calculus in ways that are not possible in a traditional

textbook. The E-Text of Calculus, powered by VitalSource, and WileyPLUS provide a wealth of resources such as interactive demon-

strations of concepts, embedded videos that illustrate problem-solving techniques, and built-in assessments that allow students to check

their understanding as they read.

Specific resources include:

• Concise introductory videos for every section.

• Customizable animated PowerPoint slides giving a short introduction for every section.

• Worked example videos by Donna Krawczyk at the University of Arizona, which provide students the opportunity to see and hear

hundreds of the book’s examples being explained in detail.

• Homework management tools, which enable the instructor to assign questions easily and grade them automatically, using a rich set

of options and controls.

• Pre-designed homework assignments. Use them as-is or customize them to fit the needs of your classroom.

• Set up for Success questions, in which students are prompted for responses as they step through a problem solution and receive

targeted feedback based on those responses.

• Algebra & Trigonometry Refresher material provides students with an opportunity to brush up on material necessary to master

Calculus.

• Embedded Interactive Explorations, applets that present and explore key ideas graphically and dynamically—especially useful

for display of three-dimensional graphs.

• Material that reviews and extends the major ideas of each chapter: Extra problems for many section, Review Exercises and Problems

for each chapter, CAS Challenge Problems, and Projects.

• Challenging problems that involve further exploration and application.

• Section on the �, � definition of limit (1.10).

• Appendices that include preliminary ideas useful in this course.

Flexibility and Adaptability: Varied Approaches
The Eighth Edition of Calculus is designed to provide flexibility for instructors who have a range of preferences regarding inclusion of

topics and applications and the use of computational technology. For those who prefer the lean topic list of earlier editions, we have kept

clear the main conceptual paths. For example,

• The Key Concept chapters on the derivative and the definite integral (Chapters 2 and 5) can be covered at the outset of the course,

right after Chapter 1.

• Limits and continuity (Sections 1.7, 1.8, and 1.9) can be covered in depth before the introduction of the derivative (Sections 2.1

and 2.2), or after.

• Approximating Functions Using Series (Chapter 10) can be covered before, or without, Chapter 9.

• In Chapter 4 (Using the Derivative), instructors can select freely from Sections 4.3–4.8.

• Chapter 8 (Using the Definite Integral) contains a wide range of applications. Instructors can select one or two to do in detail.

• A Fundamental Tool: Vectors (Chapter 13) can be covered before Chapter 12 (Functions of Several Variables).

• Instructors can teach a course in Multivariable Calculus using Chapters 12–16, or a course in Vector Calculus using Chapters 12–14

and a selection of material from Chapters 17–21.

• Instructors who want to show how to calculate flux integrals using general parameterizations early can teach Chapter 21 (Parameters,

Coordinates and Integrals) after Section 19.1.

To use calculus effectively, students need skill in both symbolic manipulation and the use of technology. The balance between the two

may vary, depending on the needs of the students and the wishes of the instructor. The book is adaptable to many different combinations.

The book does not require any specific software or technology. It has been used with graphing calculators, graphing software, and

computer algebra systems. Any technology with the ability to graph functions and perform numerical integration will suffice. Students

are expected to use their own judgment to determine where technology is useful.
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Content
This content represents our vision of how calculus can be taught. It is flexible enough to accommodate individual course needs and

requirements. Topics can easily be added or deleted, or the order changed.

Changes to the text in the Eighth Edition are in italics. In all chapters, problems were added and others updated. In total there are

more than 300 new problems, with a particular emphasis on ones that are moderately difficult and computational.

Chapter 1: A Library of Functions

This chapter introduces all the elementary functions to be used in the book. Although the functions are probably familiar, the graphical,

numerical, verbal, and modeling approach to them may be new. We introduce exponential functions at the earliest possible stage, since

they are fundamental to the understanding of real-world processes.

Section 1.7 now includes a wider variety of problems on calculating limits that can be solved using algebra or estimated using a

graph.

Chapter 2: Key Concept: The Derivative

The purpose of this chapter is to give the student a practical understanding of the definition of the derivative and its interpretation as an

instantaneous rate of change. The power rule is introduced; other rules are introduced in Chapter 3.

Chapter 3: Short-Cuts to Differentiation

The derivatives of all the functions in Chapter 1 are introduced, as well as the rules for differentiating products; quotients; and composite,

inverse, hyperbolic, and implicitly defined functions.

Chapter 4: Using the Derivative

The aim of this chapter is to enable the student to use the derivative in solving problems, including optimization, graphing, rates, para-

metric equations, and indeterminate forms. It is not necessary to cover all the sections in this chapter.

More optimization problems in Economics have been added to Section 4.3, including average cost and trade-off problems. To help

students in better understanding related rates, more problems have been added in Section 4.6, where a rate needs to be calculated, but

the equations and rates are given.

Chapter 5: Key Concept: The Definite Integral

The purpose of this chapter is to give the student a practical understanding of the definite integral as a limit of Riemann sums and to

bring out the connection between the derivative and the definite integral in the Fundamental Theorem of Calculus.

Chapter 6: Constructing Antiderivatives

This chapter focuses on going backward from a derivative to the original function, first graphically and numerically, then analytically. It

introduces the Second Fundamental Theorem of Calculus and the concept of a differential equation.

Chapter 7: Integration

This chapter includes several techniques of integration, including substitution, parts, partial fractions, and trigonometric substitutions;

others are included in the table of integrals. There are discussions of numerical methods and of improper integrals.

Problems have been added in Sections 7.1, 7.2, and 7.6 to emphasis the form of different integrands.

Chapter 8: Using the Definite Integral

This chapter emphasizes the idea of subdividing a quantity to produce Riemann sums which, in the limit, yield a definite integral. It

shows how the integral is used in geometry, physics, economics, and probability; polar coordinates are introduced. It is not necessary to

cover all the sections in this chapter.

Section 8.6 has been rewritten to introduce the ideas of present and future value using the predicted costs of climate change, with

related problems.

Chapter 9: Sequences and Series

This chapter focuses on sequences, series of constants, and convergence. It includes the integral, ratio, comparison, limit comparison,

and alternating series tests. It also introduces geometric series and general power series, including their intervals of convergence.

Chapter 10: Approximating Functions

This chapter introduces Taylor Series and Fourier Series using the idea of approximating functions by simpler functions.

Chapter 11: Differential Equations

This chapter introduces differential equations. The emphasis is on qualitative solutions, modeling, and interpretation.
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Chapter 12: Functions of Several Variables

This chapter introduces functions of many variables from several points of view, using surface graphs, contour diagrams, and tables. We

assume throughout that functions of two or more variables are defined on regions with piecewise smooth boundaries. We conclude with

a section on continuity. Chapter 13 can be taught before Chapter 12.

Chapter 13: A Fundamental Tool: Vectors

This chapter introduces vectors geometrically and algebraically and discusses the dot and cross product. Chapter 13 can be taught before

Chapter 12.

Chapter 14: Differentiating Functions of Several Variables

Partial derivatives, directional derivatives, gradients, and local linearity are introduced. The chapter also discusses higher order partial

derivatives, quadratic Taylor approximations, and differentiability.

Chapter 15: Optimization

The ideas of the previous chapter are applied to optimization problems, both constrained and unconstrained.

Chapter 16: Integrating Functions of Several Variables

This chapter discusses double and triple integrals in Cartesian, polar, cylindrical, and spherical coordinates.

Chapter 17: Parameterization and Vector Fields

This chapter discusses parameterized curves and motion, vector fields and flowlines.

Chapter 18: Line Integrals

This chapter introduces line integrals and shows how to calculate them using parameterizations. Conservative fields, gradient fields, the

Fundamental Theorem of Calculus for Line Integrals, and Green’s Theorem are discussed.

Chapter 19: Flux Integrals and Divergence

This chapter introduces flux integrals and shows how to calculate them over surface graphs, portions of cylinders, and portions of spheres.

The divergence is introduced and its relationship to flux integrals discussed in the Divergence Theorem.

Chapter 20: The Curl and Stokes’ Theorem

The purpose of this chapter is to give students a practical understanding of the curl and of Stokes’ Theorem and to lay out the relationship

between the theorems of vector calculus.

Chapter 21: Parameters, Coordinates, and Integrals

This chapter covers parameterized surfaces, the change of variable formula in a double or triple integral, and flux though a parameterized

surface.

Appendices

There are online appendices on roots, accuracy, and bounds; complex numbers; Newton’s method; and vectors in the plane. The appendix

on vectors can be covered at any time, but may be particularly useful in the conjunction with Section 4.8 on parametric equations.

Supplementary Materials and Additional Resources
Supplements for the instructor can be obtained online through WileyPLUS or by contacting your Wiley representative. The following

supplementary materials are available for this edition:

• Instructor’s Manual containing teaching tips, calculator programs, overhead transparency masters, sample worksheets, and sample

syllabi.

• Computerized Test Bank, powered by TestGen, comprised of nearly 7,000 questions, mostly algorithmically-generated, which

allows for multiple versions of a single test or quiz.

• Instructor’s Solution Manual with complete solutions to all problems.

• Student Solution Manual with complete solutions to half the odd-numbered problems.

• Graphing Calculator Manual, to help students get the most out of their graphing calculators, and to show how they can apply the

numerical and graphing functions of their calculators to their study of calculus.

• Additional Material, elaborating specially marked points in the text and password-protected electronic versions of the instructor

ancillaries, can be found at www.WileyPLUS.com.
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To Students: How to Learn from this Book
• This book may be different from other math textbooks that you have used, so it may be helpful to know about some of the differences

in advance. This book emphasizes at every stage the meaning (in practical, graphical or numerical terms) of the symbols you are

using. There is much less emphasis on “plug-and-chug” and using formulas, and much more emphasis on the interpretation of these

formulas than you may expect. You will often be asked to explain your ideas in words or to explain an answer using graphs.

• The book contains the main ideas of calculus in plain English. Your success in using this book will depend on your reading,

questioning, and thinking hard about the ideas presented. Although you may not have done this with other books, you should plan

on reading the text in detail, not just the worked examples.

• There are very few examples in the text that are exactly like the homework problems. This means that you can’t just look at a

homework problem and search for a similar–looking “worked out” example. Success with the homework will come by grappling

with the ideas of calculus.

• Many of the problems that we have included in the book are open-ended. This means that there may be more than one approach

and more than one solution, depending on your analysis. Many times, solving a problem relies on common sense ideas that are not

stated in the problem but which you will know from everyday life.

• Some problems in this book assume that you have access to a graphing calculator or computer. There are many situations where you

may not be able to find an exact solution to a problem, but you can use a calculator or computer to get a reasonable approximation.

• This book attempts to give equal weight to four methods for describing functions: graphical (a picture), numerical (a table of values)

algebraic (a formula), and verbal. Sometimes you may find it easier to translate a problem given in one form into another. The best

idea is to be flexible about your approach: if one way of looking at a problem doesn’t work, try another.

• Students using this book have found discussing these problems in small groups very helpful. There are a great many problems

which are not cut-and-dried; it can help to attack them with the other perspectives your colleagues can provide. If group work is

not feasible, see if your instructor can organize a discussion session in which additional problems can be worked on.

• You are probably wondering what you’ll get from the book. The answer is, if you put in a solid effort, you will get a real un-

derstanding of one of the most important accomplishments of the millennium—calculus—as well as a real sense of the power of

mathematics in the age of technology.
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1.1 FUNCTIONS AND CHANGE

In mathematics, a function is used to represent the dependence of one quantity upon another.

Let’s look at an example. In 2015, Boston, Massachusetts, had the highest annual snowfall,

110.6 inches, since recording started in 1872. Table 1.1 shows one 14-day period in which the city

broke another record with a total of 64.4 inches.1

Table 1.1 Daily snowfall in inches for Boston, January 27 to February 9, 2015

Day 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Snowfall 22.1 0.2 0 0.7 1.3 0 16.2 0 0 0.8 0 0.9 7.4 14.8

You may not have thought of something so unpredictable as daily snowfall as being a function,

but it is a function of day, because each day gives rise to one snowfall total. There is no formula

for the daily snowfall (otherwise we would not need a weather bureau), but nevertheless the daily

snowfall in Boston does satisfy the definition of a function: Each day, t, has a unique snowfall, S,

associated with it.

We define a function as follows:

A function is a rule that takes certain numbers as inputs and assigns to each a definite output

number. The set of all input numbers is called the domain of the function and the set of

resulting output numbers is called the range of the function.

The input is called the independent variable and the output is called the dependent variable. In

the snowfall example, the domain is the set of days {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14} and the

range is the set of daily snowfalls {0, 0.2, 0.7, 0.8, 0.9, 1.3, 7.4, 14.8, 16.2, 22.1}. We call the function

f and write S = f (t). Notice that a function may have identical outputs for different inputs (Days 8

and 9, for example).

Some quantities, such as a day or date, are discrete, meaning they take only certain isolated

values (days must be integers). Other quantities, such as time, are continuous as they can be any

number. For a continuous variable, domains and ranges are often written using interval notation:

The set of numbers t such that a ≤ t ≤ b is called a closed interval and written [a, b].

The set of numbers t such that a < t < b is called an open interval and written (a, b).

The Rule of Four: Tables, Graphs, Formulas, and Words

Functions can be represented by tables, graphs, formulas, and descriptions in words. For example,

the function giving the daily snowfall in Boston can be represented by the graph in Figure 1.1, as

well as by Table 1.1.

2 4 6 8 10 12 14
0

5

10

15

20

25

day

snowfall (inches)

Figure 1.1: Boston snowfall, starting January 27, 2015

As another example of a function, consider the snowy tree cricket. Surprisingly enough, all such

crickets chirp at essentially the same rate if they are at the same temperature. That means that the

chirp rate is a function of temperature. In other words, if we know the temperature, we can determine

1w2.weather.gov/climate/xmacis.php?wfo=box, accessed June 2015.
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Figure 1.2: Cricket chirp rate versus temperature

the chirp rate. Even more surprisingly, the chirp rate, C , in chirps per minute, increases steadily with

the temperature, T , in degrees Fahrenheit, and can be computed by the formula

C = 4T − 160

to a fair level of accuracy. We write C = f (T ) to express the fact that we think of C as a function of

T and that we have named this function f . The graph of this function is in Figure 1.2.

Notice that the graph of C = f (T ) in Figure 1.2 is a solid line. This is because C = f (T ) is

a continuous function. Roughly speaking, a continuous function is one whose graph has no breaks,

jumps, or holes. This means that the independent variable must be continuous. (We give a more

precise definition of continuity of a function in Section 1.7.)

Examples of Domain and Range
If the domain of a function is not specified, we usually take it to be the largest possible set of real

numbers. For example, we usually think of the domain of the function f (x) = x2 as all real numbers.

However, the domain of the function g(x) = 1∕x is all real numbers except zero, since we cannot

divide by zero.

Sometimes we restrict the domain to be smaller than the largest possible set of real numbers.

For example, if the function f (x) = x2 is used to represent the area of a square of side x, we restrict

the domain to nonnegative values of x.

Example 1 The function C = f (T ) gives chirp rate as a function of temperature. We restrict this function to

temperatures for which the predicted chirp rate is positive, and up to the highest temperature ever

recorded at a weather station, 134◦F.2 What is the domain of this function f?

Solution If we consider the equation

C = 4T − 160

simply as a mathematical relationship between two variables C and T , any T value is possible.

However, if we think of it as a relationship between cricket chirps and temperature, then C cannot

be less than 0. Since C = 0 leads to 0 = 4T − 160, and so T = 40◦F, we see that T cannot be less

than 40◦F. (See Figure 1.2.) In addition, we are told that the function is not defined for temperatures

above 134◦. Thus, for the function C = f (T ) we have

Domain = All T values between 40◦F and 134◦F

= All T values with 40 ≤ T ≤ 134

= [40, 134].

Example 2 Find the range of the function f , given the domain from Example 1. In other words, find all possible

values of the chirp rate, C , in the equation C = f (T ).

Solution Again, if we consider C = 4T − 160 simply as a mathematical relationship, its range is all real C

values. However, when thinking of the meaning of C = f (T ) for crickets, we see that the function

predicts cricket chirps per minute between 0 (at T = 40◦F) and 376 (at T = 134◦F). Hence,

Range = All C values from 0 to 376

= All C values with 0 ≤ C ≤ 376

= [0, 376].

2www.guinnessworldrecords.com, accessed January 2017.
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In using the temperature to predict the chirp rate, we thought of the temperature as the indepen-

dent variable and the chirp rate as the dependent variable. However, we could do this backward, and

calculate the temperature from the chirp rate. From this point of view, the temperature is dependent

on the chirp rate. Thus, which variable is dependent and which is independent may depend on your

viewpoint.

Linear Functions

The chirp-rate function, C = f (T ), is an example of a linear function. A function is linear if its

slope, or rate of change, is the same at every point. The rate of change of a function that is not linear

may vary from point to point.

Olympic and World Records

During the early years of the Olympics, the height of the men’s winning pole vault increased ap-

proximately 20 cm every four years. Table 1.2 shows that the height started at 330 cm in 1900, and

increased by the equivalent of 5 cm a year. So the height was a linear function of time from 1900

to 1912. If y is the winning height in centimeters and t is the number of years since 1900, then y is

predicted approximately by

y = f (t) = 330 + 5t.

Since y = f (t) increases with t, we say that f is an increasing function. The coefficient 5 tells us

the rate, in centimeters per year, at which the height increases.

Table 1.2 Men’s Olympic pole vault winning height (approximate)

Year 1900 1904 1908 1912

Height (centimeters) 330 350 370 390

This rate of increase is the slope of the line in Figure 1.3. The slope is given by the ratio

Slope =
Rise

Run
=

370 − 350

8 − 4
=

20

4
= 5 centimeters/year.

Calculating the slope (rise/run) using any other two points on the line gives the same value.

What about the constant 330? This represents the initial height in 1900, when t = 0. Geometri-

cally, 330 is the intercept on the vertical axis.

4 8 12

330

350

370

390
f (t) = 330 + 5t

✲✛
Run = 4

✻
❄

Rise = 20

t (years since 1900)

y (height in cm)

Figure 1.3: Olympic pole vault records

You may wonder whether the linear trend continues beyond 1912. Not surprisingly, it does not

give a good prediction. The formula y = 330 + 5t predicts that the height in the 2016 Olympics

would be 910 centimeters, which is considerably higher than the actual value of 603 centimeters.

There is clearly a danger in extrapolating too far from the given data. You should also observe that

the data in Table 1.2 is discrete, because it is given only at specific points (every four years). However,

we have treated the variable t as though it were continuous, because the function y = 330+5t makes
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sense for all values of t. The graph in Figure 1.3 is of the continuous function because it is a solid

line, rather than four separate points representing the years in which the Olympics were held.

As the pole vault heights have increased over the years, the time to run the mile has decreased.

If y is the world record time to run the mile, in seconds, and t is the number of years since 1900,

then records show that, approximately,

y = g(t) = 260 − 0.39t.

The 260 tells us that the world record was 260 seconds in 1900 (at t = 0). The slope, −0.39, tells

us that the world record decreased by about 0.39 seconds per year. We say that g is a decreasing

function.

Difference Quotients and Delta Notation

We use the symbol Δ (the Greek letter capital delta) to mean “change in,” so Δx means change in x

and Δy means change in y.

The slope of a linear function y = f (x) can be calculated from values of the function at two

points, given by x1 and x2, using the formula

m =
Rise

Run
=

Δy

Δx
=

f (x2) − f (x1)

x2 − x1
.

The quantity (f (x2) − f (x1))∕(x2 − x1) is called a difference quotient because it is the quotient of

two differences. (See Figure 1.4.) Since m = Δy∕Δx, the units of m are y-units over x-units.

x1 x2

y = f (x)

✲✛
Run= x2 − x1

✻

❄

Rise = f (x2) − f (x1)

x

y

(x2, f (x2))

(x1, f (x1))

Figure 1.4: Difference quotient =
f (x2) − f (x1)

x2 − x1

Families of Linear Functions

A linear function has the form

y = f (x) = b + mx.

Its graph is a line such that

• m is the slope, or rate of change of y with respect to x.

• b is the vertical intercept, or value of y when x is zero.

Notice that if the slope, m, is zero, we have y = b, a horizontal line.

To recognize that a table of x and y values comes from a linear function, y = b+mx, look for

differences in y-values that are constant for equally spaced x-values.

Formulas such as f (x) = b + mx, in which the constants m and b can take on various values,

give a family of functions. All the functions in a family share certain properties—in this case, all the
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graphs are straight lines. The constants m and b are called parameters; their meaning is shown in

Figures 1.5 and 1.6. Notice that the greater the magnitude of m, the steeper the line.

y = x
y = 2x

y = 0.5x

x

y

y = −x
y = −2x

y = −0.5x

Figure 1.5: The family y = mx

(with b = 0)

x

y = −2 + x

y = −1 + x

y = x

y = 1 + x

y = 2 + x

y

Figure 1.6: The family y = b + x

(with m = 1)

Increasing versus Decreasing Functions

The terms increasing and decreasing can be applied to other functions, not just linear ones. See

Figure 1.7. In general,

A function f is increasing if the values of f (x) increase as x increases.

A function f is decreasing if the values of f (x) decrease as x increases.

The graph of an increasing function climbs as we move from left to right.

The graph of a decreasing function falls as we move from left to right.

A function f (x) is monotonic if it increases for all x or decreases for all x.

Increasing Decreasing

Figure 1.7: Increasing and decreasing functions

Proportionality

A common functional relationship occurs when one quantity is proportional to another. For example,

the area, A, of a circle is proportional to the square of the radius, r, because

A = f (r) = �r2.

We say y is (directly) proportional to x if there is a nonzero constant k such

that

y = kx.

This k is called the constant of proportionality.

We also say that one quantity is inversely proportional to another if one is proportional to the

reciprocal of the other. For example, the speed, v, at which you make a 50-mile trip is inversely

proportional to the time, t, taken, because v is proportional to 1∕t:

v = 50
(

1

t

)

=
50

t
.
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Summary for Section 1.1

• Definition of function: a rule which takes numbers as inputs and assigns to each input exactly

one output number.

• The set of all input numbers is called the domain of the function and the set of resulting output

numbers is called the range of the function.

• Function notation: y = f (t), where t is the independent variable and y is the dependent

variable.

• A linear function has values of y that change at a constant rate with the values of x.

• Formula for linear functions:

y = b
⏟⏟⏟

Initial value

+ m
⏟⏟⏟

Slope

⋅x

• The graph of a linear function is a line.

∙ b is the vertical intercept, or y-intercept, and gives the value of y for x = 0.

∙ m is the slope of the line, and gives the rate of change of y with respect to x:

m =
Δy

Δx
.

• Formulas such as f (x) = b + mx, in which the constants m and b can take on various values,

represent a family of functions.

• A function f is increasing if the values of f (x) increase as x increases.

• A function f is decreasing if the values of f (x) decrease as x increases.

• A function f is monotonic if it increases for all x or decreases for all x.

• Proportionality: We say y is (directly) proportional to x if there is a nonzero constant k such

that y = kx and k is called the constant of proportionality.

Exercises and Problems for Section 1.1

EXERCISES

1. The population of a city, P , in millions, is a function of

t, the number of years since 2020, so P = f (t). Explain

the meaning of the statement f (5) = 8 in terms of the

population of this city.

2. The pollutant PCB (polychlorinated biphenyl) can af-

fect the thickness of pelican eggshells. Thinking of the

thickness, T , of the eggshells, in mm, as a function of

the concentration, P , of PCBs in ppm (parts per mil-

lion), we have T = f (P ). Explain the meaning of

f (200) in terms of thickness of pelican eggs and con-

centration of PCBs.

3. Describe what Figure 1.8 tells you about an assembly

line whose productivity is represented as a function of

the number of workers on the line.

productivity

number of workers

Figure 1.8

4. Match the graphs in Figure 1.9 with the following equa-

tions. (Note that the x and y scales may be unequal.)

(a) y = x − 5 (b) −3x + 4 = y

(c) 5 = y (d) y = −4x − 5

(e) y = x + 6 (f) y = x∕2

x

y(I)

x

y(II)

x

y(III)

x

y(IV)

x

y(V)

x

y(VI)

Figure 1.9
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5. Match the graphs in Figure 1.10 with the following

equations. (Note that the x and y scales may be un-

equal.)

(a) y = −2.72x (b) y = 0.01 + 0.001x

(c) y = 27.9 − 0.1x (d) y = 0.1x − 27.9

(e) y = −5.7 − 200x (f) y = x∕3.14

x

y(I)

x

y(II)

x

y(III)

x

y(IV)

x

y(V)

x

y(VI)

Figure 1.10

For Exercises 6–9, find an equation for the line that passes

through the given points.

6. (0, 0) and (1, 1) 7. (0, 2) and (2, 3)

8. (−2, 1) and (2, 3) 9. (−1, 0) and (2, 6)

For Exercises 10–13, determine the slope and the y-intercept

of the line whose equation is given.

10. 2y + 5x − 8 = 0 11. 7y + 12x − 2 = 0

12. −4y + 2x + 8 = 0 13. 12x = 6y + 4

14. Estimate the slope and the equation of the line in Fig-

ure 1.11.

5 10

2

4

x

y

Figure 1.11

15. Find an equation for the line with slope m through the

point (a, c).

16. Find a linear function that generates the values in Ta-

ble 1.3.

Table 1.3

x 5.2 5.3 5.4 5.5 5.6

y 27.8 29.2 30.6 32.0 33.4

For Exercises 17–19, use the facts that parallel lines have

equal slopes and that the slopes of perpendicular lines are

negative reciprocals of one another.

17. Find an equation for the line through the point (2, 1)

which is perpendicular to the line y = 5x − 3.

18. Find equations for the lines through the point (1, 5) that

are parallel to and perpendicular to the line with equa-

tion y + 4x = 7.

19. Find equations for the lines through the point (a, b) that

are parallel and perpendicular to the line y = mx + c,

assuming m ≠ 0.

For Exercises 20–23, give the approximate domain and

range of each function. Assume the entire graph is shown.

20.

1 3 5

1

3

5

y = f (x)

x

y 21.

1 3 5

2

4

6

y = f (x)

x

y

22.

−2 2

−2

2

y = f (x)

x

y 23.

1 3 5

1

3

5
y = f (x)

x

y

Find the domain and range in Exercises 24–25.

24. y = x2 + 2 25. y =
1

x2 + 2

26. If f (t) =
√

t2 − 16, find all values of t for which f (t)

is a real number. Solve f (t) = 3.

In Exercises 27–31, write a formula representing the func-

tion.

27. The volume of a sphere is proportional to the cube of

its radius, r.

28. The average velocity, v, for a trip over a fixed distance,

d, is inversely proportional to the time of travel, t.

29. The strength, S, of a beam is proportional to the square

of its thickness, ℎ.

30. The energy,E, expended by a swimming dolphin is pro-

portional to the cube of the speed, v, of the dolphin.

31. The number of animal species, N , of a certain body

length, l, is inversely proportional to the square of l.
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PROBLEMS

32. In December 2010, the snowfall in Minneapolis was un-

usually high,3 leading to the collapse of the roof of the

Metrodome. Figure 1.12 gives the snowfall, S, in Min-

neapolis for December 6–15, 2010.

(a) How do you know that the snowfall data represents

a function of date?

(b) Estimate the snowfall on December 12.

(c) On which day was the snowfall more than 10

inches?

(d) During which consecutive two-day interval was the

increase in snowfall largest?

6 7 8 9 10 11 12 13 14 15

5

10

15

t (date)

S (inches)

Figure 1.12

33. The value of a car, V = f (a), in thousands of dollars,

is a function of the age of the car, a, in years.

(a) Interpret the statement f (5) = 6.

(b) Sketch a possible graph of V against a. Is f an in-

creasing or decreasing function? Explain.

(c) Explain the significance of the horizontal and ver-

tical intercepts in terms of the value of the car.

34. Which graph in Figure 1.13 best matches each of the

following stories?4 Write a story for the remaining

graph.

(a) I had just left home when I realized I had forgotten

my books, so I went back to pick them up.

(b) Things went fine until I had a flat tire.

(c) I started out calmly but sped up when I realized I

was going to be late.

distance
from home

time

(I) distance
from home

time

(II)

distance
from home

time

(III) distance
from home

time

(IV)

Figure 1.13

In Problems 35–38, the function S = f (t) gives the aver-

age annual sea level, S, in meters above a fixed reference

level, in Aberdeen, Scotland,5 as a function of t, the number

of years before 2020. Write a mathematical expression that

represents the given statement.

35. In 2018 the average annual sea level in Aberdeen was

7.088 meters.

36. The average annual sea level in Aberdeen in 2020.

37. The average annual sea level in Aberdeen was the same

in 1949 and 2000.

38. The average annual sea level in Aberdeen decreased by

11 millimeters from 2017 to 2018.

Problems 39–42 ask you to plot graphs based on the follow-

ing story: “As I drove down the highway this morning, at first

traffic was fast and uncongested, then it crept nearly bumper-

to-bumper until we passed an accident, after which traffic

flow went back to normal until I exited.”

39. Driving speed against time on the highway

40. Distance driven against time on the highway

41. Distance from my exit vs time on the highway

42. Distance between cars vs distance driven on the high-

way

43. An object is put outside on a cold day at time t = 0

minutes. Its temperature, H = f (t), in ◦C, is graphed

in Figure 1.14.

(a) What does the statement f (30) = 10mean in terms

of temperature? Include units for 30 and for 10 in

your answer.

(b) Explain what the vertical intercept, a, and the hor-

izontal intercept, b, represent in terms of tempera-

ture of the object and time outside.

b

a

t (min)

H (◦C)

Figure 1.14

44. A rock is dropped from a window and falls to the ground

below. The height, s (in meters), of the rock above

ground is a function of the time, t (in seconds), since

the rock was dropped, so s = f (t).

(a) Sketch a possible graph of s as a function of t.

(b) Explain what the statement f (7) = 12 tells us

about the rock’s fall.

(c) The graph drawn as the answer for part (a) should

have a horizontal and vertical intercept. Interpret

each intercept in terms of the rock’s fall.

3http://www.crh.noaa.gov/mpx/Climate/DisplayRecords.php
4Adapted from Jan Terwel, “Real Math in Cooperative Groups in Secondary Education”, Cooperative Learning in Math-

ematics, ed. Neal Davidson, p. 234 (Reading: Addison Wesley, 1990).
5www.psmsl.org, accessed August 12, 2019.
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45. You drive at a constant speed from Chicago to Detroit,

a distance of 275 miles. About 120 miles from Chicago

you pass through Kalamazoo, Michigan. Sketch a graph

of your distance from Kalamazoo as a function of time.

46. US imports of crude oil and petroleum were increas-

ing between 1992 and 2007.6 There were many ups and

downs, but the general trend is shown by the line in Fig-

ure 1.15.

(a) Find the slope of the line. Include its units of mea-

surement.

(b) Write an equation for the line. Define your vari-

ables, including their units.

(c) Assuming the trend continues, when does the lin-

ear model predict imports will reach 18 million

barrels per day? Do you think this is a reliable pre-

diction? Give reasons.

1992 1996 2000 2004 2008
4

5

6

7

8

9

10

11

12

13

14

year

US oil imports
(million barrels per day)

Figure 1.15

Problems 47–49 use Figure 1.16 showing how the quantity,

Q, of grass (kg/hectare) in different parts of Namibia de-

pended on the average annual rainfall, r, (mm), in two dif-

ferent years.7

100 200 300 400 500 600

1000

2000

3000

4000

5000

6000
1939

1997

rainfall (mm)

quantity of grass (kg/hectare)

Figure 1.16

47. (a) For 1939, find the slope of the line, including units.

(b) Interpret the slope in this context.

(c) Find the equation of the line.

48. (a) For 1997, find the slope of the line, including units.

(b) Interpret the slope in this context.

(c) Find the equation of the line.

49. Which of the two functions in Figure 1.16 has the

larger difference quotient ΔQ∕Δr? What does this tell

us about grass in Namibia?

50. For t in years since 1950, the quantity of carbon dioxide

in the atmosphere, in ppm (parts per million), is pre-

dicted to be

g(t) = 300 + 1.4t.

(a) Find g(10), g(20) and g(100).

(b) Suppose another model predicts the quantity of

carbon dioxide to be

ℎ(t) = 300 + 1.5t.

Find ℎ(10), ℎ(20) and ℎ(100).

(c) Do the functions g(t) and ℎ(t) differ in their inter-

cept or in their slope? Does this lead to a larger

difference in values of g(t) and ℎ(t) for small t or

for large t? (Use your answers to parts (a) and (b)

to decide.)

51. Marmots are large squirrels that hibernate in the winter

and come out in the spring. Figure 1.17 shows the date

(days after Jan 1) that they are first sighted each year in

Colorado as a function of the average minimum daily

temperature for that year.8

(a) Find the slope of the line, including units.

(b) What does the sign of the slope tell you about mar-

mots?

(c) Use the slope to determine how much difference

6◦C warming makes to the date of first appearance

of a marmot.

(d) Find the equation of the line.

8 10 12 14 16 18 20 22 24
90

100

110

120

130

140

150

mean minimum
temperature (◦C)

day of first
marmot sighting

Figure 1.17

52. In Colorado spring has arrived when the bluebell first

flowers. Figure 1.18 shows the date (days after Jan 1)

that the first flower is sighted in one location as a func-

tion of the first date (days after Jan 1) of bare (snow-

free) ground.9

(a) If the first date of bare ground is 140, how many

days later is the first bluebell flower sighted?

(b) Find the slope of the line, including units.

(c) What does the sign of the slope tell you about blue-

bells?

(d) Find the equation of the line.

6www.theoildrum.com/node/2767, accessed August 16th, 2019.
7David Ward and Ben T. Ngairorue, “Are Namibia’s Grasslands Desertifying?”, Journal of Range Management 53, 2000,

138–144.
8David W. Inouye, Billy Barr, Kenneth B. Armitage, and Brian D. Inouye, “Climate Change is Affecting Altitudinal

Migrants and Hibernating Species”, PNAS 97, 2000, 1630–1633.
9Ibid.
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110120 130 140150 160 170
130

140

150

160

170

180

day of first
bare ground

day of first
bluebell flower

Figure 1.18

53. On March 5, 2015, Capracotta, Italy, received 256 cm

(100.787 inches) of snow in 18 hours.10

(a) Assuming the snow fell at a constant rate and there

were already 100 cm of snow on the ground, find

a formula for f (t), in cm, for the depth of snow as

a function of t hours since the snowfall began on

March 5.

(b) What are the domain and range of f?

54. In a Washington town, the charge for commercial waste

collection is $694.55 for 5 tons and $1098.32 for 8 tons

of waste.

(a) Find a linear formula for the cost, C , of waste col-

lection as a function of the weight, w, in tons.

(b) What is the slope of the line found in part (a)? Give

units and interpret your answer in terms of the cost

of waste collection.

(c) What is the vertical intercept of the line found in

part (a)? Give units and interpret your answer in

terms of the cost of waste collection.

55. For tax purposes, you may have to report the value of

your assets, such as cars or refrigerators. The value you

report drops with time. “Straight-line depreciation” as-

sumes that the value is a linear function of time. If a

$950 refrigerator depreciates completely in seven years,

find a formula for its value as a function of time.

56. Residents of the town of Maple Grove who are con-

nected to the municipal water supply are billed a fixed

amount monthly plus a charge for each cubic foot of wa-

ter used. A household using 1000 cubic feet was billed

$40, while one using 1600 cubic feet was billed $55.

(a) What is the charge per cubic foot?

(b) Write an equation for the total cost of a resident’s

water as a function of cubic feet of water used.

(c) How many cubic feet of water used would lead to

a bill of $100?

57. A company rents cars at $40 a day and 15 cents a mile.

Its competitor’s cars are $50 a day and 10 cents a mile.

(a) For each company, give a formula for the cost of

renting a car for a day as a function of the distance

traveled.

(b) On the same axes, graph both functions.

(c) How should you decide which company is

cheaper?

58. A controversial 1992 Danish study11 reported that

men’s average sperm count decreased from 113 million

per milliliter in 1940 to 66 million per milliliter in 1990.

(a) Express the average sperm count, S, as a linear

function of the number of years, t, since 1940.

(b) A man’s fertility is affected if his sperm count

drops below about 20 million per milliliter. If the

linear model found in part (a) is accurate, in what

year will the average male sperm count fall below

this level?

59. Let f (t) be the number of US billionaires in year t.

(a) Express the following statements12 in terms of f .

(i) In 2001 there were 272 US billionaires.

(ii) In 2019 there were 607 US billionaires.

(b) Find the average yearly increase in the number of

US billionaires from 2001 to 2019. Express this us-

ing f .

(c) Assuming the yearly increase remains constant,

find a formula predicting the number of US billion-

aires in year t.

60. The cost of planting seed is usually a function of the

number of acres sown. The cost of the equipment is a

fixed cost because it must be paid regardless of the num-

ber of acres planted. The costs of supplies and labor

vary with the number of acres planted and are called

variable costs. Suppose the fixed costs are $10,000 and

the variable costs are $200 per acre. Let C be the total

cost, measured in thousands of dollars, and let x be the

number of acres planted.

(a) Find a formula for C as a function of x.

(b) Graph C against x.

(c) Which feature of the graph represents the fixed

costs? Which represents the variable costs?

61. An airplane uses a fixed amount of fuel for takeoff, a

(different) fixed amount for landing, and a third fixed

amount per mile when it is in the air. How does the to-

tal quantity of fuel required depend on the length of the

trip? Write a formula for the function involved. Explain

the meaning of the constants in your formula.

10iceagenow.info, accessed April 2015.
11“Investigating the Next Silent Spring,” US News and World Report, pp. 50–52 (March 11, 1996).
12www.forbes.com/billionaires, accessed August 15, 2019.
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62. For the line y = f (x) in Figure 1.19, evaluate

(a) f (423) − f (422) (b) f (517) − f (513)

400 500 600 700

2000

4000

6000

8000

x

y

Figure 1.19

3000 4000 5000 6000

50

60

70

80

x

y

Figure 1.20

63. For the line y = g(x) in Figure 1.20, evaluate

(a) g(4210) − g(4209) (b) g(3760) − g(3740)

64. Let V (t) be the average speed, in miles per hour, for a

journey of 100 miles taking t hours. See Figure 1.21.

(a) Find V (1) and V (2). Give units.

(b) Do you think it is true for all t that

V (t + 1) = V (t) + 1?

If so, give an argument. If not, give a counterexam-

ple.

(c) Answer the same question as part (b), but with

V (t + 1) = V (t) + V (1).

1 2 3

50

100

150

V (t)

t (hrs)

speed (mph)

Figure 1.21

65. The percentage of people who have heard some news t

days after it was announced is N(t). See Figure 1.22.

(a) Find N(1) and N(2).

(b) Do you think it is true for all t that

N(t + 1) = N(t) + 1?

If so, give an argument. If not, give a counterexam-

ple.

(c) Answer the same question as part (b), but with

N(t + 1) = N(t) +N(1).

1 2 3

25

50

75

100 N(t)

t (days)

percent

Figure 1.22

66. An alternative to petroleum-based diesel fuel, biodiesel,

is derived from renewable resources such as food crops,

algae, and animal oils. The table shows the recent an-

nual percent growth in US biodiesel exports.13

(a) Find the largest time interval over which the per-

centage growth in the US exports of biodiesel was

an increasing function of time. Interpret what in-

creasing means, practically speaking, in this case.

(b) Find the largest time interval over which the actual

US exports of biodiesel was an increasing function

of time. Interpret what increasing means, practi-

cally speaking, in this case.

Year 2012 2013 2014 2015 2016 2017 2018

% growth over 69.9 53.0 −57.8 5.93 0.33 6.20 10.10

previous yr

67. Hydroelectric power is electric power generated by the

force of moving water. Figure 1.23 shows14 the annual

percent growth in hydroelectric power consumption by

the US industrial sector between 2008 and 2018.

(a) Find the largest time interval over which the per-

centage growth in the US consumption of hydro-

electric power was an increasing function of time.

Interpret what increasing means, practically speak-

ing, in this case.

(b) Find the largest time interval over which the actual

US consumption of hydroelectric power was a de-

creasing function of time. Interpret what decreas-

ing means, practically speaking, in this case.

2010 2012 2014 2016 2018

−20

−10

10

20

year

percent growth
over previous year

Figure 1.23

13www.eia.doe.gov, accessed August 19, 2019.
14Yearly values have been joined with line segments to highlight trends in the data; however, values in between years should

not be inferred from the segments. From www.eia.doe.gov, accessed August 19, 2019.
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68. Solar panels are arrays of photovoltaic cells that convert

solar radiation into electricity. The table shows the an-

nual percent change in the US price per watt of a solar

panel.15

(a) Find the largest time interval over which the per-

centage growth in the US price per watt of a so-

lar panel was a decreasing function of time. Inter-

pret what decreasing means, practically speaking,

in this case.

(b) Find the largest time interval over which the ac-

tual price per watt of a solar panel was a decreasing

function of time. Interpret what decreasing means,

practically speaking, in this case.

Year 2005 2006 2007 2008 2009 2010

% growth over previous yr 6.7 9.7 −3.7 3.6 −20.1 −29.7

69. Table 1.4 shows the average annual sea level, S, in me-

ters, in Aberdeen, Scotland,16 as a function of time, t,

measured in years before 2014.

Table 1.4

t 0 25 50 75 100 125

S 7.071 7.083 6.990 6.964 6.985 6.900

(a) What was the average sea level in Aberdeen in

2014?

(b) In what year was the average sea level 7.083 me-

ters? 6.985 meters?

(c) Table 1.5 gives the average sea level, S, in Ab-

erdeen as a function of the year, x. Complete the

missing values.

Table 1.5

x 1889 ? 1939 1964 1989 2014

S ? 6.985 ? 6.990 ? ?

70. The table gives the required standard weight, w, in kilo-

grams, of American soldiers, aged between 21 and 27,

for height, ℎ, in centimeters.17

(a) How do you know that the data in this table could

represent a linear function?

(b) Find weight, w, as a linear function of height, ℎ.

What is the slope of the line? What are the units

for the slope?

(c) Find height, ℎ, as a linear function of weight, w.

What is the slope of the line? What are the units

for the slope?

ℎ (cm) 172 176 180 184 188 192 196

w (kg) 79.7 82.4 85.1 87.8 90.5 93.2 95.9

71. Table 1.6 shows the pressure P , in torr,18 at a depth of

ℎ meters below the surface of a lake.

(a) Explain why P could be a linear function of ℎ.

(b) Find pressure, P , as a linear function of height ℎ

and give practical interpretations of the slope and

vertical intercept.

(c) Use part (b) to approximate the depth at which the

pressure is twice that at the surface of the lake.

Table 1.6

ℎ (m) 6 8 10 12 14 16

P (torr) 1201 1348 1495 1642 1789 1936

72. A $25,000 vehicle depreciates $2000 a year as it ages.

Repair costs are $1500 per year.

(a) Write formulas for each of the two linear functions

at time t, value, V (t), and repair costs to date, C(t).

Graph them.

(b) One strategy is to replace a vehicle when the total

cost of repairs is equal to the current value. Find

this time.

(c) Another strategy is to replace the vehicle when the

value of the vehicle is some percent of the original

value. Find the time when the value is 6%.

73. A bakery owner knows that customers buy a total of q

cakes when the price, p, is no more than p = d(q) =

20 − q∕20 dollars. She is willing to make and supply

as many as q cakes at a price of p = s(q) = 11 + q∕40

dollars each. (The graphs of the functions d(q) and s(q)

are called a demand curve and a supply curve, respec-

tively.) The graphs of d(q) and s(q) are in Figure 1.24.

(a) Why, in terms of the context, is the slope of d(q)

negative and the slope of s(q) positive?

(b) Is each of the ordered pairs (q, p) a solution to the

inequality p ≤ 20 − q∕20? Interpret your answers

in terms of the context.

(60, 18) (120, 12)

(c) Graph in the qp-plane the solution set of the sys-

tem of inequalities p ≤ 20 − q∕20, p ≥ 11 + q∕40.

What does this solution set represent in terms of

the context?

(d) What is the rightmost point of the solution set you

graphed in part (c)? Interpret your answer in terms

of the context.

40 80 120 160 200

5

10

15

20

25
d(q) = 20 − q∕20

s(q) = 11 + q∕40

q

p

Figure 1.24

15We use the official price per peak watt, which uses the maximum number of watts a solar panel can produce under ideal

conditions. From www.eia.doe.gov, accessed March 29, 2015.
16www.psmsl.org, accessed August 19, 2019.
17Adapted from usmilitary.about.com, accessed March 29, 2015.
18A torr is a unit of pressure.
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74. (a) Consider the functions graphed in Figure 1.25(a).

Find the coordinates of C .

(b) Consider the functions in Figure 1.25(b). Find the

coordinates of C in terms of b.

y = x2

(0, 2)

(1, 1)

C

(a) y

x

y = x2

(0, b)

(1, 1)

C

(b) y

x

Figure 1.25

75. When Galileo was formulating the laws of motion, he

considered the motion of a body starting from rest and

falling under gravity. He originally thought that the ve-

locity of such a falling body was proportional to the dis-

tance it had fallen.

What do the experimental data in Table 1.7 tell you

about Galileo’s hypothesis? What alternative hypothe-

sis is suggested by the two sets of data in Table 1.7 and

Table 1.8?

Table 1.7

Distance (ft) 0 1 2 3 4

Velocity (ft/sec) 0 8 11.3 13.9 16

Table 1.8

Time (sec) 0 1 2 3 4

Velocity (ft/sec) 0 32 64 96 128

Strengthen Your Understanding

In Problems 76–80, explain what is wrong with the state-

ment.

76. For constants m and b, the slope of the linear function

y = b + mx is m = Δx∕Δy.

77. The lines x = 3 and y = 3 are both linear functions of

x.

78. The line y − 3 = 0 has slope 1 in the xy-plane.

79. Values of y on the graph of y = 0.5x−3 increase more

slowly than values of y on the graph of y = 0.5 − 3x.

80. The equation y = 2x + 1 indicates that y is directly

proportional to x with a constant of proportionality 2.

In Problems 81–82, give an example of:

81. A linear function with a positive slope and a negative

x-intercept.

82. A formula representing the statement “q is inversely

proportional to the cube root of p and has a positive

constant of proportionality.”

In Problems 83–88, is the statement true or false? Give an

explanation for your answer.

83. For any two points in the plane, there is a linear function

whose graph passes through them.

84. If y = f (x) is a linear function, then increasing x by 1

unit changes the corresponding y by m units, where m

is the slope.

85. The linear functions y = −x + 1 and x = −y + 1 have

the same graph.

86. The linear functions y = 2 − 2x and x = 2 − 2y have

the same graph.

87. If y is a linear function of x, then the ratio y∕x is con-

stant for all points on the graph at which x ≠ 0.

88. If y = f (x) is a linear function, then increasing x by 2

units adds m + 2 units to the corresponding y, where m

is the slope.

89. Which of the following functions has its domain iden-

tical with its range?

(a) f (x) = x2 (b) g(x) =
√

x

(c) ℎ(x) = x3 (d) i(x) = |x|

1.2 EXPONENTIAL FUNCTIONS

Population Growth

The population of Burkina Faso, a sub-Saharan African country,19 is given in Table 1.9. To see how

the population is growing, we look at the increase in population in the third column. If the population

had been growing linearly, all the numbers in the third column would be the same.

19www.worldometers.inf, accessed August 19, 2019.
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Δt, 291, 292

Δ, Delta, notation, 5, 151

∇f , gradient, 812

∇⋅ F⃗ , divergence, 1039

�, delta, online

�, epsilon, online


 , Euler’s constant, online

∫ , 341

∫
C
F⃗ ⋅ dr⃗ , 974

∫
b

a
, 299

�, mean, 502

∇ × F⃗ , curl, 1058

)∕)x, partial derivative, 787

�, �, �, spherical coordinates, 924

�, standard deviation, 502

∫
S
F⃗ ⋅ dA⃗ , 1020

∑

, Sigma, notation, 298

→, tends to, 57

i⃗ , j⃗ , k⃗ , 749

v⃗ × w⃗ , cross product, 775

v⃗ ⋅ w⃗ , dot product, 763

d∕dx notation, 113

e, the number, 18

as limit, 267, online

property of, 35

f ′(x) notation, 105

g, 350, 469

i, the number, online

n factorial, 509

p-series, 527

r, �, z, cylindrical coordinates, 921

r, �, polar coordinates, 447

∫
C

P dx +Qdy + Rdz, 988

absolute growth rate, 626

absolute value function, 130

absolutely convergent, 535, 1107

acceleration, 352, 951–953

average, 124

instantaneous, 124

straight line motion, 953

uniform circular motion, 952

vector, 757, 951–953, 1113, on-

line

components of, 952

limit definition, 951

acceleration due to gravity, 350

accuracy, online

to p decimal places, online

adding sines and cosines, 678

addition of vectors, online

components, 751, 1109

geometric view, 746

properties, 758

Adele, 520

air pressure, 24, 103, 116, 118, 164,

191, 258, 645, 708

alternating series, 534

error bounds for, 535, 581

test, 534, 1108

Ampere’s law, 1028, online

amplitude, 44, 678, 679

analytical solution

of differential equation, 619

angular frequency, 592

antiderivative, 334, 1105

computing, 335, 342

constructing with definite inte-

gral, 355

Construction Theorem for, 356,

1105

differential equations and, 348

family of, 334

from graph, 335

Fundamental Theorem and, 335

most general, 341

of 0, 341

of 1∕x, 343, 1105

of ex, 343, 1105

of e−x
2
, 334, 356

of xn, 342, 1105

of constant function, 341

of rational functions, 390

of same function, 341

of sinx, cos x, 343, 1105

of sinmx cosnx, 381

properties of, 343

reduction formulas, 379

xn cos ax, 379

xn sin ax, 379

xnex, 379

cosnx, 379

tables of, 380

visualizing, 334

apple orchard yield, online

approximation

bisection, online

error in Taylor polynomial, 577,

578, 1108

Euler’s method, 615

finite difference, online

Fourier polynomial, 585

global vs. local, 588

linear, 185, 550, 800–803, 1103

Newton’s method, online

of definite integral, 398

Picard’s method, online

quadratic, 551, 840–843

tangent line, 185, 550, 1103

tangent plane, 802

arc length, 439, 954, 1106, online

circle, 43

in polar coordinates, 454

of hanging cable, online

of parametric curve, 440

arccosh, online

arccosine function, 52, 1101

Archimedean spiral, 449

Archimedes’ Principle, 444, 1053

arcsine function, 47, 1101

derivative of, 173

domain and range, 47, 1101

graph of, 48

arcsinh, online

arctangent function, 48, 1101

derivative of, 173

domain and range, 48, 1101

graph, 48

Taylor series, 568

area

between curves, 322

definite integral and, 300, 310,

426

double integral for, 894

finding by slicing, 426

of parallelogram, 778

of parameterized surface, 1096

polar coordinates, 451

area vector, 778, 783, 1019

of parallelogram, 1029

Aristotle (384-322 BC), 352

arithmetic mean, 231

Aswan Dam, 477

asymptote

horizontal, 19, 57, 73, 1101

of rational functions, 57, 1101

vertical, 35, 57, 1101

atmospheric pressure, 24, 103, 116,

118, 164, 191, 258, 645,

708

average cost, 231, 252

average rate of change, 96, 1103

average value of function, 325, 1105

two-variable, 894, 1112

average velocity, 88, online

slope and, 91

axes

1177
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coordinate, 696

right-handed, 696

bakery, 13

bank deposits as series, 518

barometric pressure, 24, 103, 116,

118, 164, 191, 258, 645,

708

base

of exponential function, 16

of logarithm function, 34, 1100

basketball, online

Bay of Fundy, 168

beef consumption, 701

behaves like principle, 419

bell-shaped curve, 234, 330, 501

bending of light, 574

Bernoulli, Johann (1667-1748), 646

Bessel functions, online

binomial series, 561, 1108

biodiesel fuel, 12, 24

birthdays, online

bisection, method of, online

bladder, 340

body mass index, BMI, 695

Bohr radius, 505

Bohr, Niels (1885-1962), 505

Boltzmann constant, online

bonds, online

trading at a discount, 522

trading at a premium, 522

bound, 578

above, 324

below, 324

best possible, 215, online

greatest lower, online

least upper, online

lower, 215, online

upper, 215, online

boundary

of region, 871

of solid region, 1048

of surface, 1064

point, 801, 871

boundary-value problem, 677

bounded region, 871, 1111

bounded sequence, 511

Boyle’s Law, online

Brahe, Tycho (1546–1601), online

bridge design, online

caffeine, 39, 644

calculators

round-off error, 148, online

Cantor Set, online

carbon dioxide

level, 10, 372

US emissions, 315

carbon-14, 17, 636, online

cardiac output, 794

cardioid, 455, 456

carrying capacity, 60, 123, 648, 655,

1109

Cartesian coordinates, 447

conversion to

cylindrical, 921

spherical, 924

three-dimensional, 696

catalog of surfaces, 735

catenary, 182, 184, online

Cauchy, Augustin (1789-1857)

formal definition of limit, 64

cdf, 493

center of mass, 459, 930, 1106

continuous mass density, 461

moment, 460

of point masses, 460

triple integral for, 915

central vector field, online

cephalexin, antibiotic, online

cesium-137, 23, 101, 103, 118, 176

chain rule, 159, 827–831

and units, 159

application to chemistry, 831

applications, 171

diagram for, 828

integration and, 362

change of coordinates, 1089–1092

channel capacity, 829

chaos, online

characteristic equation, 683

critically damped case, 684

overdamped case, 683

underdamped case, 684

Chernobyl accident, 23

chikungunya, 654

chlorofluorocarbons, 119, 129

circle

parameterization of, 271

circulation, 979

density, 1056, 1114

path-dependent field and, 1004

climate change, 10, 40, 119, 129, 315,

372, 478–482

closed curve, 979

closed form of series, 515

closed interval, 2

closed region, 871, 1111

closed surface, 1018, 1048

CO2 in pond water, 311

coal production in US, 315

coaxial cable, online

Cobb-Douglas function, 251, 718,

799, online

contour diagram of, 717

formula for, 718

returns to scale, 724

code-red computer virus, 656

common ratio, 516

comparison test

for improper integrals, 419

for series, 529, 1107

competition, 666

Competitive Exclusion

Principle of, 667

completing the square, 383, 394, 860

complex number

algebra of, online

complex plane, online

conjugates, online

definition, online

differential equations and, 683

imaginary part, online

polar representation, online

powers of, online

real part, online

roots of, online

complex plane, online

polar coordinates, online

compliance, 120

components of vector, 275, 749, 751,

online

composite functions, 26, 827

derivative of, 158

compound interest, 479, 638

continuous, 626

Rule of Seventy, online

compressibility index, online

concavity, 15

downward, 15, 121, 1103

error in definite integrals and,

400

Euler’s method and, 615

inflection point and, 204

of parametric curve, 279

power functions and, 140

second derivative and, 121, 200

upward, 15, 121, 1103

concentration, 642

conditionally convergent, 535, 1107

cone, 735

parameterization of, 1084

Congressional Budget Office, 486

conjugates, online

conservation of energy, online

conservative force, online

conservative vector field, 995

consols, online

Constant Function Theorem, 195,

198, 1104

constant of proportionality, 6

constrained optimization, 876–880,
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1111

graphical approach, 877
inequality constraint, 879

Lagrange multiplier, 878

Lagrangian function, 881

constraint, 877

Construction Theorem for An-

tiderivatives, 356

consumer surplus

definite integral for, 484

definition, 484

consumption vector, 760

continuity, 3, 62

at a point, 62, 65

definition, 65, 1103

differentiability and, 131, 851,

1104

extrema and, 211

graphically, 62

limits and, 63

numerically, 63

of composite functions, 76

of function, 63, 741

of sums, products, quotients of

functions, 75, 1103

of vector field, 975

on an interval, 62, 65, 1102,

1103

continuous rate, 18

continuous variable, 2, 4

contour diagram, 711–718

algebraic formula, 714

Cobb-Douglas, 717

critical point, 858

local maximum, 856

density and, 890

linear function, 727

partial derivative and, 788

reading, 694

saddle, 716

table and, 716

contour line, 712

convergence

of p-series, 527

of alternating series, 534

of geometric series, 517

of improper integrals, 409, 413

of partial sums, 523, 1107

of power series, 540

of sequence, 510, 1107

bounded, monotone, 511

of Taylor series, 562, 580

of upper and lower sums, 895

radius of, 543

rearranging terms, 535

Coober Pedy, 50

coordinate

plane, 697

axis, 696

coordinates

Cartesian, three-space, 696

cylindrical, 921–922

relation between Cartesian and

polar, 447

space-time, 760

spherical, 924–926

corn production, 712, 827

Coroner’s Rule of Thumb, 262

correlation coefficient, 871

cosh x, 181, 1101

Taylor polynomial, 576

cosine function, 43

addition formula, online

derivative of, 165, 167

graph of, 44, 1101

Taylor polynomial approxima-

tion, 554

Taylor series, 560

convergence, 580

cost

average, 231, 252

fixed, 11, 244, 347

marginal, 115, 245, 347

definition of, 245

total, 244

variable, 11

cost function, 244

cost stream, 481

Coulomb’s law, online

coupon, online

credit multiplier, online

critical point, 201, 336, 856, 1104

classifying, 859, 861

contour diagram and, 858

critical value, 201

discriminant and, 861

extrema and, 202, 856, 1104

how to find, 857

local maximum

contour diagram and, 856

graph of, 858

local minimum

graph of, 857

second derivative test and, 859,

861

crop yield, 233

cross product, 774–779

components of, online

definition, 775, online

determinant and, 779

diagram of, 777

equation of plane and, 777

properties, 777

cross-section, 438

cross-section of functions, 704–705

cubic polynomial, 55, 1101

cumulative distribution function, 492

probability and, 497

properties of, 493

curl, 1056–1058

alternative notation, 1058

Cartesian coordinates, 1115

definition

Cartesian coordinate, 1057

geometric, 1057

device for measuring, 1056

divergence and, 1072

field, 1067, 1115

divergence test for, 1073

formula for, 1057, 1115

gradient and, 1071

scalar, 1005

test for gradient field, 1072,

1115

three-space, 1010

two-space, 1007

curl free, 1060, 1066

current in a circuit, 407

curve

closed, 979

indifference, 884

integral, 967

length of, 440, 954, online

level, 712

graph and, 714

oriented, 974

parameter, 1085

parameterization, 277, 938

piecewise smooth, 975

curve fitting, 869

cylinder

parabolic, 706, 735

parameterization of, 1079

cylindrical coordinates, 921–922

conversion to Cartesian, 921

integration in, 922

volume element, 923

damped spring equation, 682

damping, 682, 683

coefficient, 682

critical, 684

over, 683

term, 682

under, 684

daylight hours

as a function of latitude, online

Madrid, online

decreasing, 5

decreasing function, 6

derivative of, 106, 121, 200,

1103

integral of, 291
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Decreasing Function Theorem, 197

definite integral, 298, 1104

∫
∞

−∞
e−x

2
dx, online

odd and even functions, 323

symmetry and, 323

as antiderivative, 356

as area, 300, 310, 426, 1105

in polar coordinates, 451

as area above axis minus area

below axis, 301

as average, 325

as total change, 310, 1105

by substitution, 366

changing limits of, 366

comparison of, 324, 327

definition of, 299

for arc length, 440

in polar coordinates, 454

of parametric curve, 440

for average value, 325

for center of mass, 459

for consumer surplus, 484

for cumulative distribution

function, 492

for electric potential, 477

for force, 472

for force of gravity, 478, online

for fraction of population, 491

for kinetic energy, online

for mass, 457

for mean, 500

for present/future value, 481

for probability, 497

for producer surplus, 484

for surface area, online

for volume, 427

for volume of revolution, 436

for work, 469

Fundamental Theorem of Cal-

culus, 309, 313, 344, 1105

geometry and, 436

interpretation, 300, 310

limits of integration, 319

notation for, 308

of density, 457

of density function, 491

of rate of change, 310

of sums and multiples, 321

one variable, 890

properties of, 319, 1105

units, 308

definite integral, double, 890–904

change of coordinates, 1091

change of variables, 1112

definition, 891, 892, 1112

for area, 894

for average value, 894

for fraction of population, 932

for probability, 932

for surface area, 1096

for volume, 892

of joint density function, 932

polar coordinates, 916–918

definite integral, triple, 908–911

change of coordinates, 1092

cylindrical coordinates, 921–

924

for center of mass, 915

for electrical energy, online

for moment of inertia, online

spherical coordinates, 924–926

degree

homogeneous function, online

degree of a polynomial, 55

degree-days, online

Delta, Δ, notation, 5, 151

demand curve, 13, 483

density, 456

circulation, 1056

of earth, 467

of water, 472

probability, 491

slicing and, 457

density function, 491, 1106

definite integral and, 890

flux, 1039

joint, 932, 1112

probability and, 497

properties of, 491, 932

two-variable, 898, 931, 932

probability and, 932

dependent variable, 2, 4, 694

depreciation, 11

derivative, 1103

ex, 1103

ntℎ, 143

of inverse function, 174

approximation of, online

as a function, 105

definition of, 105

finding algebraically, 108

finding graphically, 106

finding numerically, 106

formulas for, 107

at a point, 96

chain rule, 159, 1103

critical points, 201, 1104

definition of, 96, 1103

differentiability and, 130

directional, 809–811, 819

estimating graphically, 105

estimating numerically, 99

graphical interpretation, 106

higher, 121

higher-order partial, 838

inflection point, 1104

interpretation, 96, 114

Leibniz notation for, 113

local maxima/minima, 202

test for, 202

of ax, 149

of ex, 147

of composite functions, 158,

1103

of constant functions, 108

of constant multiples of a func-

tion, 136, 1103

of cosine, 166, 1103

of exponential functions, 147,

148, 173, 1103

of hyperbolic functions, 183

of implicit functions, 178

of integral, online

of inverse trigonometric func-

tions, 173, 1103

of linear functions, 108

of ln x, 172, 1103

of polynomials, 140

of positive integer powers, 137

of power functions, 138, 171,

1103

of products of functions, 151,

1103

of quotients of functions, 153,

1103

of sine, 167, 169, 1103

of sums and differences of func-

tions, 136, 1103

of tangent function, 167, online

ordinary, 786

partial, 786–790

power rule, 109

product rule, 152, 1103

quotient rule, 153, 1103

second derivative, 121, 1103

concavity and, 121

test, 204

second-order partial, 838

slope of curve, 98

in polar coordinates, 453

slope of tangent line, 98

units of, 114, 1103

visualizing, 97, 605

visualizing, 1103

derivative function, 105

Descartes, René (1596-1650), 352

determinant, online

area and, 778

cross product, online

Jacobian, 1091

volume and, 778
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diagram, for chain rule, 828

difference quotient, 5, 96
partial derivative and, 787

differentiability, 801, 847

continuity and, 131, 851, 1104

determining from graph, 130,

132

local linearity and, 187, 189,

1104

partial derivatives and, 848, 851

differentiable, 96, 105, 130

everywhere, 105

differential, 804–805

computing, 804

local linearity, and, 804

notation, 805

differential equations, 600, 1109

LRC circuits, 690

S-I-R model, 658

SARS, online

account balance, 626

analytical solution, 619

antiderivatives and, 348

arbitrary constants, 602

compartmental analysis, 641

concentration, 642

damped spring equation, 682

damping, 683, 684, 686

decay, 625

electric circuit, 681

equilibrium solution, 632, 1109

Euler’s method, 614, 969

existence of solutions, 608

exponential decay, 620

exponential growth, 619

SARS, online

exponential growth and decay,

1109

first-order, 601

flow of vector field, 967

general solution, 601, 1109

exponential equation, 620,

626

growth, 625

guess-and-check

spring equation, 675

Hooke’s Law, 675

implicit functions and, 607

initial conditions, 349, 601,

1109

initial value problem, 349, 601,

676, 1109

linear second-order, 682

logistic, 647, 649, 1109

Lotka-Volterra, 661

net worth of a company, 639

Newton’s Law of Cooling

(Heating), 629

nullclines, 667, 668

numerical solutions of first-

order, 614

oil prices, 647

order of, 1109

particular solution, 349, 601,

1109

pendulum, 681

phase plane, 659

Picard’s method, online

pollution, 627

population growth, 652

predator-prey model, 661

second-order, 602, 674

characteristic equation, 683

separable, 622

separation of variables, 619, 640

slope field, 605, 1109

solution(s) to, 601, 1109

spring equation, 675

systems of, 657, 1109

thickness of ice, 638

uniqueness of solutions, 608

differential notation

for line integral, 988

differentiation

implicit, 178

of series, 568

convergence, 568

radius of convergence, 568

dipole, 572, 1034, 1043, online

direction cosine, 751, online

direction field, online

direction of vector, online

directional derivative, 809–811

definition, 809

examples, 813

from contour diagram, 809

gradient vector and, 811

partial derivatives and, 811

three-variable, 819

directly proportional, 6

disability index, 935

discrete variable, 2, 4

discriminant, 860, 861

disease, 657

disease incidence, 592

displacement, 460

displacement vector, 746–750, online

direction of, 746

magnitude of, 746

distance

estimating from velocity, 286

on parametric curve, 440

visualizing on velocity graph,

287

distance formula

in three-space, 698

in two-space, 698

distribution function, 489

cumulative, 492

probability and, 497

distribution of resources, online

divergence, 1039

alternative notation, 1039

curl and, 1072

definition

Cartesian coordinate, 1039

geometric, 1039

free, 1114

of geometric series, 517

of harmonic series, 524

of improper integrals, 409, 413

of partial sums, 523, 1107

of sequence, 510, 1107

test for curl field, 1073, 1115

with spherical symmetry, online

Divergence Theorem, 1048–1051,

1071

divergence-free, 1042, 1050

diverging to infinity, 67, 410

domain, 2

restricting, 3

dominance and l’Hopital’s rule, 266

dominates, 54

Doppler effect, 575

Dorfman-Steiner rule, 875

dot product, 763–765

definition, 763

equation of plane and, 766

line integral and, 974

properties, 764

work and, 769

double angle formulas, 371, 379,

1101, online

double factorial, online

doubling time, 17, 626, 1100

drug concentration, 24

drug desensitization, online

drug dosage as series, 515, 521

Dubois formula, 60, 258, 799

Ebbinghaus model, 645

economic cost

hurricane damage, 486

sea level rise, 486

storm surge, 486

economy of scale, 244

Einstein, Albert (1879-1955), 574

Theory of Relativity, 164

elastic potential energy, 258

electric charge, online

electric circuits, 681, 690, online

resonance, 575

electric dipole, 571
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electric field, 1046, online

electric potential, online

definite integral for, 477

electricity usage, 347

electron wave function, online

elementary functions, 362

ellipsoid, 735

ellipsoid, volume of, 1092

emissions of toxic pollutants, 487

end behavior of a function, 57

endocrinologist, 317

energy

conservation of, online

electrical, 372

potential, 576, 994

elastic, 258

wind, online

energy spectrum, 590

musical instruments, 591, 597

energy theorem, 589

entropy function, online

Envelope Theorem, online

epidemic, 657, 660, online

equations of motion, 350

equilibrium, stable, online

equilibrium point, 668

predator-prey model, 662

equilibrium price/quantity, 483

equilibrium solution

of differential equation, 601

of differential equation, 631,

639, 1109

stable, 631, 632

unstable, 632

equipotential surface, online

erf(x), 360, 380, online

error, online

alternating series bounds, 535

Taylor polynomial, 581

concavity and, 400

Euler’s method, 616

in approximating definite inte-

gral, 1106

in approximating derivative, on-

line

in linear approximation, 185

in numerical integration, 400,

401

left and right rules, 401

Riemann sum approximation,

291

round-off, 148, online

tangent line approximation, 187,

188

estimation of, 187

Taylor polynomial, 577, 578

trapezoid vs. midpoint rule, 402

error bound, 578

Lagrange, 578

error function, erf(x), 360, 380, online

escape velocity, 646

Ethanol fuel, 39

Euler’s Constant, online

Euler’s formula, 685, online

Euler’s method, 614, 1109

accuracy of, 616

error, 616

for flow lines, 969

Euler’s theorem, 799

Euler, Leonhard (1707-1783), 614,

online

Eulerian logarithmic integral, 380

even function, 27, 1102

definite integral of, 323

expansions, Taylor, 561

explicit function, 178

exponential decay, 16, 18, 1100

differential equation for, 625

half-life, 17, 626, 1100

radioactive decay, 17

exponential function, 14, 16, 1100

y-intercept, 18

population growth, 14

as solution to differential equa-

tion, 619

base e, 18

base of, 16

compared to power functions,

54

concavity, 15

derivative of, 146, 173

domain, 16

formula for, 16, 18, 1100

Padé approximant to, 574

table of values, 15

Taylor polynomial approxima-

tion, 554

Taylor series, 560

convergence, 583

exponential growth, 15, 16, 18, 1100

annual, 627, 1100

continuous, 627, 1100

differential equation for, 625

doubling time, 17, 626, 1100

growth factor, 15, 17

rate

absolute, 626

annual, 627, 1100

continuous, 18, 627, 1100

continuous vs. annual, 627

relative, 626

SARS, online

exponential growth and decay

differential equation, 1109

extrapolation, 4, 651

extrema, 211, 856

continuity and, 211

critical point and, 202, 1104

global, 872

local, 201

Extreme Value Theorem, 211, 872,

1103

extremum

on closed bounded region, 872

factorial, 553

double, online

factoring, online

family of functions, 5, 234

antiderivatives, 334

exponential, 17

with limit, 236

Gompertz growth, 243

linear, 5

logistic, 238

motion due to gravity, 236

normal density, 234

power, 53

sinusoidal, 44

surge, 242

family of level surfaces, 735

Fermat’s Principle, 230

Fibonacci sequence, 514

finite difference approximation, on-

line

firebreaks, online

first derivative

inflection point and, 205

First Fundamental Theorem of Calcu-

lus, 309

first-derivative test, 202, 1104

fixed cost, 11, 244, 347

flow

fluid, 958

flux and, 1021

through surface, 1019

flow line

definition, 966

Euler’s method, 969

numerical solution, 969

fluid flow and flux, 1021

flux

orientation and, 1018

through cylinder, 1032

through function graph, 1030

through parameterized surface,

1095

through sphere, 1034

flux density, 1039

flux diagram, online

flux integral, 1018–1024

definition, 1020
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Divergence Theorem and, 1048
independent of parameteriza-

tion, 1098

fog clearance, 794

foot-pound, 472

force, 352, 472, 1106

between atoms, online

between molecules, online

conservative, online

definite integral for, 472

from pressure, 472

gravitational, 757

of gravity

definite integral for, 478, on-

line

spring, 347, 468

units, 468

vector, 757

force of gravity, 469

Four, Rule of, 2

Fourier coefficients

formulas for

period 2�, 586

period b, 592

justification of, 593, 597, 598

Fourier polynomial, 586

square wave, 586

Fourier series, 584, 1108

period 2�, 588

period b, 592

square wave, 588

Fourier, Joseph (1768–1830), 584

fox population, 890, 898

fraction of population

from cumulative distribution

function, 493

from density function, 491, 932

frequency

angular, 592

fuel consumption, 233

function, 2

absolute value, 130

average value of, 325, 1105

bounded, online

Cobb-Douglas, 251, 718, 799

composite, 26, 827

concave (up or down), 15, 1103

continuous, 739, 741

at a point, 741

cost, 244

cross-section of, 704–705

cumulative distribution, 492

decreasing, 5, 6, 1103

density, 491

two-variable, 932

differentiable

two-variable, 847–852

differential of, 804

discontinuous, 739

distribution, 489

drug buildup, 19

elementary, 362

energy theorem, 590

even, 27

exponential, 14, 16, 1100

family of, 236

fixing one variable, 705

Fourier series for, 588

gamma, online

global approximation, 588

global behavior of, 54

graph of, 2

hyperbolic, 1101

increasing, 4, 6, 1103

input, 2

inverse, 28

inverse trigonometric, 47

invertible, 28

joint cost, online

Lagrangian, 881

limit of, 741

linear, 4, 5, 706, 725–728, 734,

1100

local approximation, 588

local behavior of, 54

logarithm, 34

logistic, 649

monotonic, 6

notation, 694

objective, 877

odd, 27

output, 2

periodic, 43, 585

piecewise linear, 130

polynomial, 54, 1101

potential, 995, 1113

power, 53

probability density, 491, 497,

932

profit, 244

pulse train, 588

quadratic, 734, 859

graph of, 860

rational, 56, 1101

reflection across x-axis, 26

representation, 2

revenue, 244

shift and stretch, 26

sinusoidal, 44, 1100

smooth, 839

surge, 242

table, 2

Taylor series for, 561

three-variable, 732

level surface of, 732

surface, 735

trigonometric, 42

cosine, 43

sine, 43

tangent, 46

two-variable, 694

algebraic formula, 695

contour diagram of, 711

graph of, 702–705

surface, 735

unbounded, online

utility, 887

zeros of, 55, online

fundamental harmonic, 588

Fundamental Theorem of Calculus,

309, 313, 335, 344, 355,

992, 1105

for Line Integrals, 992, 1071

line integral, 1113

future value, 1106

annual compounding, 479

continuous compounding, 479

definite integral for, 481

definition, 479

of cost/income stream, 481

G. H. Hardy, 1847 − 1947, online

Galilei, Galileo (1564-1642), 14, 636,

online

Dialogues Concerning Two

New Sciences, 352

gamma function, online

gauge equivalent, 1076

Gause yeast population model, 673,

online

Gauss’s law, 1023, online

Gauss’s Theorem, 1051

Gauss, Carl Friedrich (1777–1855),

1051

gemstones, 50

general solution of differential equa-

tion, 348

general term, 561

general term of a series, 522

genetics, online

geometric mean, 231

geometric series, 514, 516, 1107

as binomial series, 562

common ratio, 516

convergence of, 517

divergence of, 517

finite, sum of, 516, 1107

infinite, 516

infinite, sum of, 517, 1107

partial sum of, 517

geometry and the definite integral,

436

Gini’s index of inequality, online
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global behavior of a function, 54, 56

global extremum, 211, 856

closed bounded region, 872

definition, 866

how to find, 866, 871

global maxima/minima, 211, 856,

1104

global warming, 40, 835

Golden Gate Bridge, online

golden ratio, 514

Gompertz equation, online

Gompertz growth, 243

gradient field

curl and, 1071

curl test for, 1072

line integral of, 992

path-independence and, 995

gradient vector, 811

alternative notation, 812

examples, 813

field, 962

geometric properties, 813, 819

three-variable, 819

two-variable, 811

Grand Canyon flooding, online

Grand Coulee Dam, 435

graph

circular symmetry of, 704

in polar coordinates, 448

in three-space, 697

partial derivative and, 788

plane, 726

two-variable function, 726

gravitational constant, 962, online

gravitational field, online

picture of, 959

gravity

acceleration due to, 145, 192,

350, 352, 354, 646, online

force of, 258, 478, online

Gravity, Law of, 961

Great Lakes, 627, 634

Great Pyramid of Giza, Egypt , 429,

471

greatest lower bound, online

Green’s Theorem, 1005, 1075

Greenland Ice Sheet, 117

Gregory, James (1638–1675), 568

Grinnell Glacier, 635

growth factor, 15, 17

growth of children, 317

growth rate

absolute, 626

annual, 627

continuous, 18, 627

relative, 626

guess-and-check, 362

spring equation, 675

guitar string, vibrating, 796

Gulf Stream, 958, 966

Half Dome

Yosemite National Park, 739

half-life, 17, 626, 1100

hanging cable, 604

arc length, online

harmonic series, 524

harmonics, 588

heat equation, online

heated metal plate, 786

heater in room, 789, online

height velocity graph, 317

helix, 938

higher derivative, 121

higher-order partial derivative, 838

histogram, 489, 490, 931

homogeneous function, online

Hooke’s Law, 468, 675

Hooke, Robert (1635–1703), 675

Hoover Dam, 473

l’Hopital, Marquis de (1661–1704),

646, online

l’Hopital’s rule, 264, 1104

horizontal asymptote, 19, 57

horizontal line, 5

horizontal line test, 29

Hubbert, M. King (1903–1989), 647

hybrid cars, online

hydroelectric power, 12, 24

hydrogen, reduced mass of, 575

hyperbola, 183

hyperbolic

cosine, 181, 1101

identities, 183

sine, 181, 1101

tangent, 183

inverse, 185, online

hyperbolic functions

derivative of, 183

hyperboloid

of one sheet, 735

of two sheets, 735

hyperinflation, 41

ideal gas equation, 804

identities, 1101

imaginary numbers, online

imaginary part of complex number,

online

implicit differentiation, 178, 1104

implicit function

as solution to differential equa-

tion, 607

derivative of, 178

improper integral, 408, 1106

comparing, 417, 419

with 1∕xp, 419, 421

with e−ax, 419, 421

comparison test, 419, 1106

convergence/divergence, 409,

413

energy and, 411

infinite integrand, 412

income stream, 481

increasing function, 4, 6, 194

derivative of, 106, 121, 200,

1103

integral of, 291

Increasing Function Theorem, 194,

1104

indefinite integral, 341, 1105

computing, 342

properties of, 343, 1105

visualizing, 334

independent variable, 2, 4, 694

index in power series, 561

index in Taylor series, 561

indifference curve, 723, 884

inertia, moment of, online

triple integral for, online

inertia, principle of, 352

infinite series

geometric, 516

sum of, 514

inflection point, 204, 336, 1104

first derivative and, 205

initial condition, 349

initial value problem, 349, 601, 677,

1109

mass/spring system, 676

input into a function, 2

instantaneous

growth rate, 627

rate of change, 96, 787, 1103

speed, 275

velocity, 90, 91, 949

integral

definite

one variable, 890

definite vs. indefinite, 341

definite see definite integral, 298

double

limits of, 902

equation, online

improper see improper integral,

408

indefinite see indefinite integral,

341

iterated, 898, 899

triple

limits of, 911

integral test for series, 526
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integrand, 299
infinite, 412

sums and multiples, 321

integration

applications, 1106

Cartesian coordinates, 899, 909,

1112

cylindrical coordinates, 922

iterated, 898

limits of, 299, 319, 902, 911

non-rectangular region, 894,

900–904

numerical methods, 398

error, 400

LEFT(n), 398

left-hand sum, 299

MID(n), 398

midpoint rule, 398

Riemann sums, 299, 398

RIGHT(n), 398

right-hand sum, 299

SIMP(n), 403

TRAP(n), 399

of series, 568

order of, 900, 904

polar coordinates, 916–918

reduction formulas, 379, 381

spherical coordinates, 925

techniques

by parts, 373, 374, 1106

completing the square, 383,

394

factoring, 382

guess-and-check, 362

long division, 383

partial fractions, 387, 1106

reduction formulas, 381

sine substitution, 390

substitution, 362, 363, 366,

1105

tangent substitution, 392

trigonometric substitutions,

390

using table, 380

intercept

factored form and, 55

vertical, 4, 5, 1100

interest, 638

compound, 479

continuously compounded, 626

Rule of Seventy, online

interior

point, 801

Intermediate Value Theorem, 65,

1103

intersection

of curve and surface, 942

of two curves, 942

interval notation, 2

interval of convergence, 540, 541,

1108

inverse function, 28

definition, 29

derivative of, 174

domain and range, 28

for exponential function, 38

formulas for, 29

graphs of, 30

hyperbolic tangent, 185, online

inverse square law, online

inverse trigonometric functions, 47

arccosine, 52, 1101

arcsine, 47, 1101

arctangent, 48, 1101

derivative of, 173

inversely proportional, 6

invertible function, 28

irrotational vector field, 1060, 1115

island species, online

isotherms, 694

isotopes, 40

iterated integral, 898, 899

double integral and, 899, 1112

limits of, 902

non-rectangular region, 900–

904

numerical view, 898

triple integral and, 909, 1112

iteration, online

Iwo Jima, Battle of, 666

Jacobian, 1091, 1112

joint

density function, 1112

joint cost function, online

joint density function, 932

joule, 468

Keeling Curve, 165

Kepler’s Laws, 757, online

Kepler, Johann (1571–1630), online

kinetic energy, 259, online

definite integral for, online

l’Hopital’s rule, 264, 265, 1104

0 ⋅∞, 266

and e, 267

and dominance, 266

limits involving ∞, 265

l’Hopital, Marquis de (1661–1704),

646, online

Lagrange error bound, 578, 1108

Lagrange multiplier, 878

constrained optimization, 878

meaning of, 880–881

Lagrange, Joseph-Louis (1736–

1813), 578, 876

Lagrangian function, 881

Lake Mead, 435

Lambert function, online

Lanchester, F.W. (1868–1946)

differential equations, 666

square law, 667

Laplace equation, online

lapse rate, 117

Law

of Cosines, 764, 773

law

Ampere’s, online

Kepler’s, online

leading coefficient, 54

leaf decomposition, 644

least squares, 869, online

least upper bound, online

left rule, LEFT(n), 398

error in approximation, 401

left-hand limit, 72

left-hand sum, 1104

Leibniz, Gottfried Wilhelm (1646-

1716), 113, 622

lemniscate, 456

Lennard-Jones model, 243

Leonardo di Pisa, 514

level

curve, 712

graph and, 714

set, 712, 714, 732

surface, 732, 735

tangent plane to, 822

light

reflection, 230

light, bending of, 574

limaçon, 450

limit, 741, 1102

�, � definition, 1102, online

at infinity, 73, 1102, online

continuity and, 63

continuous function, 66

definite integral and, 298

definition, 64, 1102, online

evaluating limits using a new

variable, 83

instantaneous acceleration and,

124

instantaneous velocity and, 90

left-hand, 72

definition, online

local linearity and, 264

meaning of, 64

of (1 + ℎ)1∕ℎ, 147, online

of xn∕n, 581

of (sin ℎ)/ℎ, 166

of a constant function, 75
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of a constant multiple, 75
of a product, 75

of a quotient, 75

of a sum, 75

of improper integrals, 408

of sequence, 510

of sum, 137

of the type 0∕0, 80

one-sided, 72, 1102

properties of, 75, 1102, online

quotients of functions, 80

right-hand, 72

definition, online

round-off error and, 148

rules, 75

two-sided, 72

limit comparison test, 531, 1107

limits of integration, 299, 319

substitution and, 366

line

best fitting, online

contour, 712

equation of, 5, 1100

least squares, 869

parametric equation for, 274,

939, 941, 1112

regression, 869

tangent, 98

line integral, 974–980

circulation, 979

computing, 984–988

conversion to one-variable inte-

gral, 985

definition, 974

differential notation for, 988

for electric potential, online

for work, 977

Fundamental Theorem of, 1113

Fundamental Theorem of Cal-

culus for, 992, 1071

justification, online

independent of parameteriza-

tion, 988

meaning of, 976

of gradient field, 992

properties, 980

simple case, 983

using parameterization, 985

linear approximation, 185, 550, 802,

1103

linear function, 4, 5, 706, 725–728,

734, 1100

contour diagram of, 727

derivative of, 108

equation for, 726

intercept of, 5, 1100

numerical view, 727

slope of, 5, 1100

table of, 5, 727

two-variable, 725

linearization, local, 800–803

differential, and, 804

from table, 803

three-variable or more, 803

two-variable function, 800, 802

linearization, 185

Lissajous figure, 278, online

Liu Hui, online

loading curve, 230

local behavior of a function, 54, 56

local extrema, 201, 856

how to find, 856, 861

local linearity, 187, 264, 1104

differentiability and, 187

local linearization, 185, 1103

local maxima/minima, 201, 856, 1104

tests for, 201

logarithm function, 34

derivative of, 172

domain, 35, 1100

graph, 35

intercept, 35

Taylor polynomial approxima-

tion, 556

Taylor series, 563

vertical asymptote, 35

logarithms, 34

base e (natural), 35

base ten (common), 34, 1100

definition of, 34

properties, 35

rules of manipulation, 35, 1100

solving equations, 36

logistic equation, 647

logistic function, 649

logistic model, 123, 238, 647, 1109,

online

analytic solution to, 649

carrying capacity, 123, 648

equation, 653

peak oil, 647

qualitative solution to, 648

SARS, online

spread of information, online

long division, 383, 389

lot size, 230

Lotka-Volterra equations, 661

lottery winnings, 486

lower bound, 215, online

lung, 120

Machin’s formula for �, online

Maclaurin polynomial

nth, 553

first, 550

second, 552

Maclaurin series, 560

magnetic field, 1043, online

magnitude of vector, online

Magnus force, 782

marginal, 244, 245

costs/revenues, 115, 245, 347

marginal utility, 887

Marquis de l’Hopital (1661–1704),

646, online

mass

center of, 459

from density, 457

of earth, 467

relativistic, 576

vs weight, 469, 472

Mass Action, Law of, online

Massachusetts Turnpike, 457

Mauna Loa Observatory, 52, 165

maxima/minima

concavity and, 203

global, 211, 1104

continuity and, 211

on (a, b), 212

on [a, b], 212

local, 201, 249, 1104

first-derivative test, 202,

1104

second derivative test, 203,

1104

Maxwell distribution, online

mean, 499

arithmetic vs. geometric, 231

definite integral for, 500

of normal distribution, 502

Mean Value Inequality, 198

Mean Value Theorem, 193, 1104, on-

line

measles, 592

median, 499

metal plate, heated, 786

meteorology, 117

Michelson-Morley experiment, 575

midpoint rule, MID(n), 398

error in approximation, 400, 402

mixed partials, 839

Mobius strip, 1024

modeling, 220

and differential equations, 600,

637

compartmental analysis, 641

competitive exclusion, 667

epidemic, 657

growth and decay, 625

logistic

peak oil, 647

optimization, 222

predator-prey, 661
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US population, 652

vibrating spring, 674, 682

with random numbers, online

moment, 460

moment of inertia

triple integral for, online

monkey saddle, 724, 864

monotone sequence, 511

monotonic function, 6, 121, 129, 200

Montgolfier brothers, online

morphine, 645

motion

xy-plane, 276

damped simple harmonic, 686

parametric equations, 271, 938

position vectors and, online

simple harmonic, 677

straight line, 953

undamped, 686

uniform circular, 952

Mt. Shasta, online

murder, 629, 636

natural logarithm, 35

derivative of, 172

graph of, 35

Nelson, Admiral Horatio, online

newton, 468, 472

Newton’s law of gravity, online

Newton’s method, online

chaos, online

failure, online

initial estimate, online

Newton, Isaac (1642–1727)

Law of Gravity, 757, 961, online

Newton, Isaac (1642-1727)

Law of Cooling (Heating), 164,

629

Law of Gravity, 53

laws of motion, 352

First Law, 352

Second Law, 352, 640, 675,

682

Nicotine, 635

Noise levels, online

nondecreasing function, 194

nondifferentiability, examples, 130

normal distribution, 234, 330, 501,

502

standard, 502

normal line, online

normal vector, 766

to curve, 813

to plane, 766

nullclines, 667, 668

numerical methods

accuracy, online

bisection, online

decimal answer, online

differential equations, 614

error, online

left and right rules, 401

trapezoid and midpoint rules,

402

Euler’s method, 614

for flow lines, 969

finding derivative, 106

integration, 398, 1106

error, 400, 401

left rule, 398

midpoint rule, 398

right rule, 398

Simpson’s rule, 403

trapezoid rule, 399

iterative, online

Newton’s method, online

Picard’s method, online

objective function, 877

odd function, 27, 1102

definite integral of, 323

oil prices, 647

oil production, worldwide, 656

Olympic pole vault, 4

one-sided limit, 72

opals, 50

open interval, 2

optimization, 211, 220

constrained, 252, 876–880

maximizing/minimizing aver-

ages, 226

unconstrained, 866–872

optimal values, 211

orientation

of curve, 974

of surface, 1018

origin, 696

orthogonal surfaces, online

oscillations, 675

of spring, 675

damped, 682

output of a function, 2

ozone, 129

ozone depleting gas index, 119

Padé approximants, 574

parabola, 55

parabolic cylinder, 706, 735

paraboloid, 703

parallel lines, 8

parallelepiped, volume of, 779

parallelogram

area of, 778

parameter, 6, 234

change of, 273

curve, 1085

rectangle, 1087

parameterization, 1087

length of a curve and, 440

line in three-space, of, 1112

line integral and, 985, 988

of circle, 271

of cone, 1084

of curve, 277, 938

changing, 273

of cylinder, 1079

of graph of function, 278

of helix, 938

of line, 274, 939, 941

of plane, 1081, 1113

speed and, 275

of sphere, 1081

of surface, 1079–1087

of surface of revolution, 1084

of torus, online

surface

cylindrical coordinates, 1084

tangent lines and, 276

using position vector, 940, 1080

velocity, 275

components, 275

parametric curve, 938

concavity of, 279

slope of, 279

parametric equations, 271, 938

parasite drag, 232

Pareto’s Law, online

partial derivative, 786–790

alternative notation, 787

computing

algebraically, 795

graphically, 789

contour diagram and, 788

definition, 787

difference quotient and, 787

differentiability and, 848, 851

directional derivatives and, 811

graph and, 788

higher-order, 838

interpretation of, 789

rate of change and, 786–787

second-order, 838

units of, 789

partial fractions, 387, 1106

method of, 1106

partial sum, 523, 1107

of geometric series, 517

particular solution, 349

parts

integration by, 373, 1106

pascal, 472

path-dependent vector field

circulation and, 1004
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definition, 994
path-independent vector field, 994–

997

definition of, 1113

definition, 994

gradient field and, 995, 997

pdf, 491

peak oil, 647

US, 651

pendulum, 146, 258, 681, 808

differential equation for, 559

period, 44, 677, 1101

angular frequency and, 592

periodic function, 43, 585

permittivity, online

perpendicular lines, 8

perpendicular vector, 764

pH, 176

phase difference, 44

phase plane, 659, 661

equilibrium point, 668

nullclines, 668

trajectories, 659, 662, 670

phase shift (angle), 44, 678, 679

vs. horizontal translation, 679

phyllotaxis, 514

Picard’s method, online

piecewise linear function, 131

piecewise smooth curve, 975

Pisa, Tower of, 352

Planck, Max (1858-1947)

radiation law, 423, online

plane, 725, 735

contour diagram of, 727

coordinate, 697

equation for, 726, 766, 777

parameterization of, 1113

parameterization of, 1081

points on, 726

tangent, 801

planimeter, online

plutonium, 40

point

boundary, 801, 871

interior, 801

sink, 1047

source, 1047

Poiseuille’s Law, 60, 260, online

polar coordinates, 447

Archimedean spiral, 449

area, 451

area element, 917

cardioid, 455

circle, 448

cylindrical, 921–922

graphing equations, 448

integration in, 916–918

lemniscate, 456

limaçon, 450

negative r, 449

roses, 450

slope, 453

spherical, 924–926

polynomial, 54, 1101

cubic, 55, 1101

degree of, 55

derivative of, 140

double zero, 56

factoring, online

Fourier, 586

intercepts, 55

leading coefficient, 58

quadratic, 55, 1101

quartic, 55, 1101

quintic, 55, 1101

zeros, 56

population

of Burkina Faso, 14, 36

of China, 41

of Hungary, online

of India, 41, 635

of Jamaica, online

of Mexico, 151, 329

of US, 39, 151, 164, 372, 652,

online

of world, 22, 41, 149, 164, 258,

313, 372, 513, , online 644

population growth, 652

equilibrium population, 662

exponential, 14

logistic, 652

predator-prey model, 661

population vector, 760

position vector, 750, online

motion and, online

notation for vector field, 960

parameterization, 940

parameterization with, 1080

positive flow, 1018

potential

electric

line integral for, online

function, 995, 1113

vector, 1067, 1115

potential energy, 576, 994

elastic, 258

power function, 53, 1101

compared to exponential func-

tions, 54

concavity of, 140

derivative of, 137, 171

formula for, 53

long-term behavior, 1102

power rule, 109, 138

power series, 539, 545, 1108

convergence of, 540

interval of convergence, 541,

1108

radius of convergence, 541

ratio test, 542, 1108

Taylor, 561

predator-prey model, 661

equilibrium values, 662

prednisone, immunosuppressant, on-

line

present value, 520, 1106

annual compounding, 479

continuous compounding, 479

definite integral for, 481

definition, 479

of cost/income stream, 481

pressure, 472, 1106

air (barometric), 24, 103, 116,

118, 164, 191, 258, 645,

708

below surface, 145

definite integral of, 472

units, 472

price vector, 760

principal, online

Principle of Competitive Exclusion,

667

probability, 497, 931

cumulative distribution func-

tion, 497

definite integral for, 497

density function and, 497, 932

double integral for, 932

histogram, 489, 931

probability density function, 491

producer surplus, 484

definite integral for, 484

product rule, 152

three dimensional, online

production and price of raw materials,

online

production function

Cobb-Douglas, 251, 718

general formula, 717

production possibility curve, 120

profit, 244

maximizing, 867

maximizing, 247, 248

projectile

motion of, 192

projection

of vector on line, 768

projection, stereographic, online

properties

of continuous functions, 75

properties of

addition and scalar multiplica-
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tion, 758

cross product, 777

dot product, 764

gradient vector, 813

line integral, 980

proportional

directly, 6

inversely, 6

pulmonologist, 120

pulse train, 588, 597

Pyramid of Giza, Egypt, 429, 471

Pythagoras’ theorem, 698

Quabbin Reservoir, 340

quadratic approximation, 551, 840–

843

quadratic formula, online

quadratic function, 734, 859

discriminant of, 860

graph of, 860

quadratic polynomial, 55, 1101

second derivative test and, 859

quarantine, online

quartic polynomial, 55, 1101

quintic polynomial, 55, 1101

quotient rule, 153

Racetrack Principle, 195, 197, 1104

radians, 42

conversion to degrees, 43

vs degrees for calculus, 99

radius of convergence, 541

and ratio test, 543

range, 2

Rankine model of tornado, online

rate of change, 253, 786–787, 809

absolute, online

average, 96, 1103

instantaneous, 96, 1103

related, 254

relative, online

rate of substitution

economic and technical, online

ratio test

finding radius of convergence,

543

power series, 542, 1108

series of constants, 532, 1107

rational functions, 56, 1101

asymptotes, 56, 1101

end behavior, 57

intercepts, 57

real part of complex number, online

rectangle

parameter, 1087

recurrence relations, 510

recursive sequence, 509

reduction formulas

p(x)cos x, 381

p(x)sin x, 381

p(x)ex, 381

xnln x, 381

cosnx, 381

sinnx, 381

reflection coefficient, online

reflection of light, 230

reflection, Law of, 230

region

bounded, 871, 1111

closed, 871, 1111

regression line, 869

related rate, 253, 254

relative growth rate, 626

relative rate of change, online

relativistic mass, 576

Relativity, Theory of, 164, 576

rent controls, 488

repeating decimal, 520

resistance, wind, online

resonance, 575

returns to scale, 724

revenue

marginal, 245

definition of, 246

total, 244

revenue function, 244

Richardson arms race model, 672, on-

line

Riemann sum, 299, 302

area, 426

in polar coordinates, 451

density, 457

for arc length, 439

for center of mass, 459

for consumer surplus, 484

for force, 472

for mass, 457

for mean, 500

for producer surplus, 484

for volume of revolution, 436

for work, 468

slicing and, 427

three-variable, 908

two-variable, 891

right rule, RIGHT(n), 398, 407

error in approximation, 401

right-hand limit, 72

right-hand rule, 775, 777, 1056

right-hand sum, 1104

right-handed axes, 696

rise, 5, 1100

Rolle’s Theorem, 194, online

root mean square, online

root test, online

roots, online

by bisection method, online

by factoring, online

by Newton’s method, online

by numerical methods, online

by zooming, online

roses, 450

round-off error, 148

Rule of Four, 2

Rule of Seventy, online

run, 5, 1100

saddle, 705, 858

monkey, 864

saddle point, 860

sample a signal, 513

SARS, online

satellite power, online

saturation level, 19, 236

scalar, 746, online

scalar curl, online

scalar multiplication, online

definition, 747

properties, 758

vectors

components, 751

scalar product, 763

second derivative, 121

concavity and, 121, 200

inflection point and, 204

interpretation, 123

maxima/minima, 203

test, 203, 859, 861, 1104

Second Fundamental Theorem of

Calculus, 356

second-order differential equations,

674

second-order partial derivative, 838

interpretation of, 839

sensitivity of a drug, 218

separable differential equation, 622

separation of variables, 619, 640,

1109

exponential growth equation,

619

justification, 622

sequence, 508, 510

bounded, 511

bounded, monotone

convergence of, 511

Calkin-Wilf-Newman, 514

convergence of, 510, 1107

divergence of, 510, 1107

Fibonacci, 514

general term, 508

limit of, 510

monotone, 511

of partial sums, 523

recursive, 509
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smoothing, 513
series, 514

p-series, 527

general term, 561

alternating, 534

harmonic, 534

alternating series test, 534

binomial, 561, 1108

closed form, 515

comparison test, 529, 1107

convergence, 523

absolute vs conditional, 535,

1107

convergence properties, 524,

1107

divergence, 523

Fourier, 584, 588, 1108

period b, 592

general term, 522

geometric, 514, 516, 1107

as binomial series, 562

harmonic, 524

alternating, 534

infinite, 514

integral test, 526, 1107

limit comparison test, 531, 1107

of constants, 1107

partial sum of, 523, 1107

power, 539, 1108

ratio test, 532, 1107

root test, online

sum of, 514

Taylor, 561, 1108

terms in, 515

Si(x), 357

Sigma,
∑

, notation, 298

sigmoid curve, 648

signal, 513

simple harmonic motion, 677

Simpson’s rule, SIMP(n), 403

approximating by quadratic, on-

line

sine function, 43

addition formula, online

derivative of, 165, 167

graph of, 44, 1101

Taylor polynomial approxima-

tion, 553

Taylor series, 560

convergence, 583

sine-integral, Si(x), 357–359, online

sinh x, 181, 1101

Taylor polynomial, 576

sink, 1039, 1045, 1047

sinusoidal functions, 44, 1100

S-I-R model, 658

SARS, online

threshold value, 660, online

slicing, 427, 457

slope, 5

of curve, 90, 97

of line, 5, 1100

of parametric curve, 279

parallel lines, 8

perpendicular lines, 8

polar coordinates, 453

units of, 5

velocity and, 91

slope field, 605, 1109, online

smooth

curve, 975

function, 839

smooth a sequence, 513

Snowy tree cricket, 2

solar panels, 13

solar photovoltaic installations, 635

solar power, 51

solar radiation, 316

solenoidal vector field, 1042, 1114

solid angle, online

solid of revolution, 436

surface area, online

solution curve, 606

source, 1039, 1045, 1047

Soviet-German pipeline, online

space-time coordinates, 760

species on islands, online

speed, 88, 440, 953, online

instantaneous, 275

parameterized curve, 276

velocity and, 755

vs. velocity, 88

speed of sound, 191

sphere

equation for, 699

parameterization of, 1081

surface area of, 1096

spherical coordinates, 924–926

conversion to Cartesian, 924

integration in, 925

parameterizing a sphere, 1082

volume element, 925

spinning baseball, 782

spiral, Archimedean, 449

spring, 170, 674, 886

spring constant, 675

square wave, 585

Fourier polynomial, 586

Fourier series, 588

Squeeze Theorem, 83

Srinivasa Ramanujan, 1887 − 1920,

online

St. Louis arch, 185

stable equilibrium, 631, online

standard deviation of normal distribu-

tion, 502

state equation, 804

Statue of Liberty, 230

stereographic projection, online

Stokes’ Theorem, 1064–1067, 1071

streamline, 967

strontium-90, 23, online

substitution, 1105

into definite integrals, 366

into indefinite integrals, 363

into Taylor series, 567

subtraction of vectors

components, 751, 1109

geometric view, 747

sum

left-hand, 291

of infinite series, 514

overestimate vs. underestimate,

291

Riemann, 299, 302

right-hand, 291

visualizing left- and right-hand,

291, 292

sum formulas for sin/cos, 1101

summation notation, 298

superposition, 682

supply curve, 13, 483

surface

of revolution

parametric equations, 1084

boundary of, 1064

catalog of, 735

closed, 1018, 1048

cylindrical, 735

level, 732

nonorientable, 1024

orientation of, 1018

parameterization, 1079–1087

saddle-shaped, 705, 858

three-variable function, 735

two-variable function, 735

surface area, 1096, online

of sphere, 1096

of surface of revolution, 1097,

online

surge function, 214, 242

surplus, consumer and producer, 483

survival time, 505

symbiosis, 661, 666

symmetry, 27

definite integral and, 323

systems of differential equations, 657,

1109

table, 2

contour diagram and, 716

exponential function, and, 15

linear function and, 727
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linear function, and, 5

reading, 695

two-variable function, 695

table of integrals, 380

tangent approximation, 802

tangent field, online

tangent function, 46

asymptotes, 47

derivative of, 167, online

domain, 47

graph, 47

period, 47

tangent line, 98, 1103

approximation, 185, 550, 1103

error, 185, 187, 188, 1104,

online

for parametric curves, 276, 951

slope of, 98

velocity vector and, 951

tangent plane, 801

to level surface, 822

tangential surfaces, online

tanh x, 183

tax cut, 521

Taylor expansions, 561

Taylor polynomial

for ln x near x = 1, 556

about x = 0, 553

about x = a, 556

accuracy, 557

alternating series error bound,

581

degree n, 553, 1108

degree one, 550, 841, 842

degree two, 552, 841, 843

error, 577

bound, 578, 1108

for 1∕(1 − x), 555

for cos x, 554

for cosh x, 576

for sinh x, 576

for sin x, 553

for ex, 554

inequalities, online

linear approximation and, 188

Taylor series, 560, 1108

(1 + x)p, 562

cos x, 560, 1108

sinx, 560, 1108

ex, 560, 1108

e−x
2
, 567

general term, 561

about x = 0, 561

about x = a, 561

arctan x, 568

comparing, 570

condition for, 561

convergence of, 562, 579

ex, 583

cos x, 579, 580

ln(1 + x), 563

sin x, 583

differentiation of, 568

convergence, 568

radius of convergence, 568

general, 561

integration of, 568

ln(1 + x), 563

manipulations of, 567

multiplying, 569

substitution, 567, 569

terminal velocity, 118, 236, 641

terms in series, 515

theorem

Antiderivative Construction,

356

Constant Function, 195

Divergence, 1049, 1071, 1114

Euler’s, 799

Extreme Value, 211, 872

Fundamental, for Line Integrals,

992, 1071

Fundamental, of Calculus, 309,

356

Green’s, 1005, 1075

Increasing Function, 194

Lagrange Error Bound, 578

Mean Value, 193

Pythagoras’, 698

squeeze, 83

Stokes’, 1064, 1065, 1071

Theory of Relativity, 164, 575, 576

thermal conductivity, online

Three Gorges Dam, 477

threshold value, 660, online

tin pest, online

Titanic, 473, 477

topographical map, 711

tornado model, online

Torricelli’s Law, 643, online

torus, online

total cost, 244

total quantity

from density, 457

total revenue, 244

total utility, 128

tractrix, 646

Trafalgar, Battle of, online

trajectories

phase plane, 659, 662, 670

transmission coefficient, online

trapezoid rule, TRAP(n), 399, 407

error in approximation, 400, 402

trapezoid, area of, 400

triangular wave, 585

trigonometric functions, 42

amplitude, 44, 678, 679, 1101

cosine, 43

derivatives of, 165, online

inverse, 47

period, 44, 1101

phase difference, 44

phase shift, 678

sine, 43

superposition of, 678

tangent, 46

trigonometric identity, 43, 1101

addition formula, online

double angle, 371, 379, online

trigonometric substitutions, 390

method of, 390

truss, online

two-sided limit, 72

unbounded function, online

unconstrained optimization, 866–872

unit circle, 42, 44, 1100

unit vector, 752

units

force, 468, 472

pressure, 472

work, 468

universal gravitational constant, 962

unstable equilibrium, 632

upper bound, 215, online

urologist, 340

US carbon dioxide emissions, 315

utility, 723

utility function, 887

Van der Waal’s equation, 181, 576,

807

variable

continuous, 2

dependent, 2, 4, 694

discrete, 2

discrete vs. continuous, 4

independent, 2, 4, 694

variable cost, 11

vector, 746, online

n-dimensional, 759

acceleration, 757, 951, online

addition, 746, 751, online

area, 778, 783, 1019

components, 749, 751, online

consumption, 760

cross product, 774–779

direction, online

displacement, 746–750, online

dot product, 763–765

force, 757

geometric definition, 746
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gradient, 811

magnitude, 750, 765, 1109, on-

line

normal, 766

notation, 749

orthogonal, 764

parallel, 748

perpendicular, 764

population, 760

position, 750, online

potential, 1115

price, 760

projection on line, 768

scalar multiplication, 747, on-

line

subtraction, 747, 751

unit, 752, online

velocity, 275, 755, 948–951, on-

line

zero, 750

vector area

of parallelogram, 1029

vector field, 958–962

central, online

conservative, 995

continuous, 975

curl free, 1115

curl of, 1056–1058

curl-free, 1060, 1066

definition, 960

definition of, 1113

divergence free, 1042, 1114

divergence of, 1039

divergence-free, 1050

electric, 1046, 1051, online

flow, 966, 967, 1113

flow line

definition of, 1113

flow line of, 967

force, 959

gradient, 962, 992

gravitational, 959, 961, online

integral curve, 967

irrotational, 1060, 1115

magnetic, 1043, online

path-independent, 994–997

solenoidal, 1042, 1114

streamline, 967

velocity, 275, 755, 948–951,

958, 1113, online

writing with position vector,

960

vector potential, 1067

gauge equivalence, 1076

velocity

xy-plane, 276

as derivative, 96

average, 88, online

escape, 646

instantaneous, 90, 124, 949

of a falling body, 640

parameterized curve, 276

slope and, 91

speed, 440

speed and, 755, 953

terminal, 118, 641

vector, 275, 755, 948–951, 958,

1113, online

components of, 950

geometric definition, 948

limit definition, 950

tangent line and, 951

vector field, 958

visualizing from distance graph,

90

vs. speed, 88

Verhulst, P. F. (1804–1849), 648

Vermeer (1632–1675), 41

vertical asymptote, 35, 57

vibrating guitar string, 796

voltage, 51, online

volume

definite integral for, 427

double integral for, 892

element, 908

cylindrical, 922

spherical, 925

finding by slicing, 427

from cross-sections, 438

of ellipsoid, 1092

of parallelepiped, 778

of revolution, 436

surface area, online

vortex, free, online

vorticity, online

warfarin, anticoagulant, 636

water clock, online

water, density of, 472

wave, 710

wave-guide, online

weather map, 694

weight, 469

weight vs mass, 472

Wilson lot size, 230

wind chill, 700, 721, 792

wind power, 25

wind resistance, online

winning probability, online

work, 467, 769, 1106

definite integral for, 469

definition, 468, 769, 977

dot product and, 769, 977

line integral for, 977

units, 468

Yosemite National Park

Half Dome, 739

Zeno, 88

zero vector, 747

components of, 750

zeros, online

zeros of a function, 55

continuity and, 65

double, 56

multiplicity m, online

zooming, online


